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Para estudar as vibragoes induzidas por vértices (VIV), um método numérico
é proposto para resolver as equacoes de Navier Stokes. As equacoes bidimension-
ais da dinamica de fluidos sao descritas em uma formulacao Lagrangiana-Euleriana
arbitraria (ALE) e discretizadas espacialmente usando o Método dos Elementos Fini-
tos (FEM), no qual o elemento quadrilateral Mini foi empregado para satisfazer a
condi¢ao de Ladyzhenskaya—Babuska—Brezzi (LBB). J4 a discretizagao temporal é
obtida por meio de um método Semi-Lagrangiano (SL) explicito de primeira ordem.
Além disso, um procedimento de busca e interpolacao computacionalmente eficiente
é adotado para dar suporte ao esquema SL. O cédigo computacional desenvolvido
funciona com malhas quadrilaterais estruturadas ou nao estruturadas devido a uma
biblioteca de integracao Gaussiana. Diversos problemas de referéncia foram simu-
lados para validar adequadamente a implementacao da metodologia. Além disso,
foram realizadas simulagoes de oscilacao forgada e livre para estudar o VIV de
fluxo cruzado, enquanto o cilindro suportado elasticamente foi simulado sob diver-
sas condicoes para estudar as vibracoes em linha e transversais do corpo rigido em

funcao do nimero de Reynolds.
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Vortex-induced vibration (VIV) is a well-known problem in the offshore industry,
especially when dealing with riser dynamics. This issue arises due to the nonlinear
interaction between the fluid flow past cylindrical structures, which generate a von
Karman vortex street. The flow of fluids around blunt objects creates a wake behind
the geometry, which excites the structure, making it oscillate in the transverse and
longitudinal directions of the flow. To accurately model the intricate dynamics of
this phenomenon, this work employs the bidimensional incompressible Navier-Stokes
equations within the arbitrary Lagrangian-Eulerian (ALE) framework. The finite
element method (FEM) has been chosen to discretize the equations and the five-
noded quadrilateral was used to discretize the fluid domain, which automatically
satisfies the Ladyzhenskaya—Babuska—Brezzi (LBB) condition. In order to stabilize
the numerical code for higher Reynolds numbers, a first-order semi-Lagrangian (SL)
scheme has been used. This method is unconditionally stable thus, large time steps
may be used if necessary. The search-interpolation algorithm is remarkably efficient
since it starts by inquiring about one of the node’s neighbouring elements. On the
other hand, the solid structure was considered a rigid body therefore, its boundary

was non-deformable. Several benchmark test cases have been investigated to confirm

vil



the accuracy of the proposed methodology. As for results, forced and free oscillation
simulations were conducted to study cross-flow VIV. While the elastically supported
cylinder was simulated under different Reynolds numbers to investigate both in-line

and transverse vibrations of the rigid body.
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Chapter 1

Introduction

In this introductory chapter, a brief historical overview on the oil/gas and off-
shore industries is presented. Then the physical problem of interest and objective of
this work are formally introduced. Finally, this chapter ends with the organization

of the whole work.

1.1 Motivation

According to the International Energy Agency, as of 2022, the net income of
the global oil and gas industry surpassed the mark of USD 4 trillion in net income.
Such high income suggests that, despite the increasing search for alternative energy
sources, oil and gas still are very much at the forefront of this global sector, and
shows no signs of slowing down any time soon.

Its history, however began more than four thousand years ago. Although it was
not until 1847, when a Scottish chemist by the name of James Young, noticed a
seepage inside a coal mine that the industry began to take shape into what it has
become nowadays. Even so, the first commercial oil well came twelve years after
Young’s discovery, in Pennsylvania.

The oil industry however, would only install the first offshore drilling and pro-
duction unit in 1947 around 28 km away from the coast of Louisiana, in the Gulf
of Mexico. Later, in 1961, the first semi-submersible platform appeared, the Blue
Water Rig No. 1, which was operated by Shell, Fig. 1.1. This rig spudded an

record-setting offshore well in 91 meters of water in the Gulf of Mexico. As time



Figure 1.1: Blue Water Rig No. 1, operated by Shell in 1962. (Source: Wikipedia)

went by, the search for oil and gas reservoirs in increasingly deeper waters presented
new challenges to the industry.

The pipe that connects the wellhead to the offshore platform is known as a marine
riser. A marine riser can be subdivided into two categories: drilling and production.
The first is a vertical pipe that guides the drill bit during the drilling operation. The
later, are used to transfer crude oil from the subsea wellhead to the offshore facility,
Chandrasekaran [10]. Since the depths of these wells began to steadily increase
over the years, the length of these pipes followed and they became more susceptible
to the deep-water currents. This environmental condition generated concern with
regards to vortex-induced vibrations (VIV) of these structures, since they are now
subjected to vibration related failure, Vandiver [11]. In order to avoid environmental
damages and financial loss due to this fluid-structure interaction (FSI), the accurate
prediction of VIV became extremely important.

FSI is a multi-physics subject that is observed in man-made and natural systems.
This phenomenon is commonly found in aerospace, ocean, biomedical and civil engi-
neering fields. With respect to offshore industry, a specific type of FSI is well-known,
the VIV, as it can greatly influence riser structural dynamics, Williamson and Go-

vardhan [12]. Owing to the fact that as the vortex shedding phenomenon occurs,



oscillating body forces appear, which in turn, induces vibrations on the immersed
body. In the context of riser dynamics, when subjected to extreme environmental
conditions, these vibrations may lead to structural failure due to mechanical fatigue

as previously mentioned.

1.2 Objective

The objective of this work was to develop a computational code in order to sim-
ulate VIV. The finite element method (FEM) is used to discretize the governing
equations for an incompressible Newtonian fluid. While the arbitrary Lagrangian-
Eulerian (ALE) framework is used to allow for a moving mesh scheme. This allows
for the dynamics of the rigid body to evolve throughout the simulation seamlessly.
Moreover, a first-order semi-Lagrangian method was also used to allow for the simu-
lation of higher Reynolds number with the benefit that this scheme is unconditionally

stable regardless of the time step.

1.3 Organization

The contents of this work are organized as follows:

e Chapter 1 - Introduction: A brief motivation with respect to the relevance of

the proposed work as well as its objective are presented.

e Chapter 2 - Literature Review: An extensive review on published works in the

fields of Finite Elements and Vortex-Induced Vibrations are presented.

e Chapter 3 - Methodology: The governing equations are derived and the dif-

ferent methods employed are explained.

e Chapter 4 - Validation and Results: Simulations used to validate the developed

methodology as well as the different studied cases are presented.

e Chapter 5 - Conclusion: A brief summary of the work and future improvements

are presented.



Chapter 2

Literature Review

This chapter includes the literature review on the physical problem being tackled
by this work, as well as a review on the numerical method used to discretize the

governing equations.

2.1 Vortex-Induced Vibrations

According to Kaneko et al. [1], flow-induced vibrations (FIV) may be classified
into two major categories based on the vibration mechanism: vortex-induced vibra-
tions and fluidelastic vibrations. Aerodynamic flutter and galloping are examples
of fluidelastic instabilities. These classifications are given considering a single phase
external flow, there are other definitions if a different flow field is considered, see
Fig. 2.1. This work, however deals with VIV only.

Human knowledge of vortices dates back to Leonardo da Vinci’s sketches from
the sixteenth century. In one of them, da Vinci sketched the water flow past a
blunt geometry of rectangular cross section emphasizing the symmetrical vortices
in the wake, see Fig. 2.2. In spite of da Vinci’s curiosity, the first scientific study
of the vortex shedding phenomenon was performed by Strouhal [13] in 1878. He
experimented with stretched wires which experienced vortex shedding. From his
work, it was concluded that the frequency of the shedding vortices were independent
of the tension and elasticity of the wires. Moreover, it was from his work that the
infamous non-dimensional relationship between the free-stream velocity, shedding

frequency and diameter. This non-dimensional number is now known as the Strouhal



Fluid and flow Flow field Vibration mechanism Example

Single-phase Vortex induced + Resonant vibration
flow vibration (VIV} « Forced vibration

R + Acoustic resonance
Acoustic resonance .
+ Cavitation

= Wing flutter and galloping
+ Fluidelastic vibration of tube arrays

External flow
=
Steady flow

» Compressor surge
* Pump surging

Internal flow

= Piping, bellows, collapsible tubes

Vibration of piping

Acoustically induced
vibration

« Vibration due to internal fluid
oscillations

Pulsating flow

Unsteady flow * Combustion-induced vibration

R = Buffeting
Turbulent flow |—| Random vibration |

in flow

= Vibration of reactor internals

« Valve vibration

« Water hammer

—‘ Bubble-induced vibration | « Sloshing
Thermal-hydraulic vibration with ‘ = Vibration caused by condensation
flow phase change « Instability caused by boiling

—{ Vibration of piping by two-phase flow |

Figure 2.1: FIV classifications, adapted from Kaneko et al. [1].

number:

St = f;]D. (2.1)

The vortex shedding process results in a repeating pattern of swirling vortices
known as the von Karman vortex street. This phenomenon was named after him
due to his contribution on the mathematical understanding of this intricate fluid
dynamics problem in his work from 1911 and 1912 [14]. It was von Kérman that
suggested the alternating arrangement of the vortices.

In 1964, Bishop and Hassan [15] published what is now considered a classical
paper on forced vibrations. They conducted an experiment by placing a circular
cylinder in flowing water. This cylinder was forced to oscillate at different frequen-
cies. From their studies, three main conclusions were made: (i) The forces acting
on the cylinder may be modelled by a non-linear self-excited fluid oscillator. (i7)

The fluid oscillator experiences hysteresis and frequency demultiplication. (7i7) It
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Figure 2.2: Leonardo da Vinci, movement of water, ca. 1513.

was also observed that the oscillator experiences synchronization within a certain
range. Inside this range the lift and drag amplitudes will reach a maximum near a
critical frequency.

In 1966, Lienhard [2] gathered the available data on the drag, lift and vortex
shedding for a rigid circular cylinder. With this he plotted an envelope which de-
scribed the relationship between the Strouhal and Reynolds number, see Fig. 2.3.
The author emphasized that the Strouhal number is accurate within 5% over most
Reynolds numbers. However, the relationship’s behaviour in the transition region is
poorly understood and the author suggested further studies.

In 1967, Koopmann [8] conducted an experiment to determine to what effect the
forced oscillations of a circular cylinder affect the wake structures at low Reynolds
number. He identified lower and upper limits of the locked-in region for different
Reynolds numbers. As well as noticing that the bandwidth of synchronization grows
with the amplitude of vibration imposed on the cylinder.

Feng [5] performed experiments on a wind tunnel in which he studied the vortex

shedding and displacement amplitude of a circular and D-section cylinders. These
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Figure 2.3: Behaviour of the Strouhal number as a function of the Reynolds number

for a circular cylinder, from Lienhard [2].

phenomena were investigated for an elastically mounted cylinder. Considering the
experiments of the circular cylinder only, Feng observed that there was hysteresis
for low damping cases while hysteresis was not present in high damping ones. It was
observed that the max amplitude and locked-in region, when the vortex shedding
frequency remains the same as the oscillation frequency, became smaller as the
damping ratio was increased. Feng also noticed that the max amplitude occurs at
a lower dimensionless velocity as the damping was increased.

In 1974, Blevins [16] developed a two degree of freedom (DOF) phenomenological
model for VIV of a circular cylinder following the idea introduced by Bishop and
Hassan [15]. The Iwan-Blevins model was based on a control volume for the vor-
tex shedding phenomenon and von Karman’s idealization of the vortex street. His
model for forced oscillations used a van der Pol oscillator. The model’s parameters
were determined experimentally through fixed and oscillating cylinder data. Blevins
also pointed out that during forced harmonic oscillations, as the forcing frequency
approaches the shedding frequency, the evolution of the lift coefficient also becomes
harmonic. Later, in 1990 Blevins released a book entitled Flow-Induced Vibrations,
which included his model as well as some other ones.

Williamson and Roshko [3] conducted experiments in order to better understand



the formation of vortex patterns behind an oscillating cylinder. To do so, they
widened the oscillation amplitude range up to 5 cylinder diameters and presented
their results in the amplitude-wavelength plane. They demonstrated the existence
of multiple synchronization regions beyond the fundamental lock-in one, see Fig.
2.4. The vortex patterns near the lock-in region were also documented, which can
be seen in Fig. 2.5. For the larger amplitude synchronization zones, it was observed
that the resulting vortex street can grow immensely. And despite the symmetry

observed in the body’s movement, the patterns observed can be asymmetric.
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Figure 2.4: Different vortex patterns observed by Williamson and Roshko [3]

throughout the entire experimental amplitude range.
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Figure 2.5: The different vortex patterns observed by Williamson and Roshko [3]

near the lock-in region.

Blackburn and Karnadiakis [17] performed numerical simulations of forced and
free vibrations in cross-flow of a circular cylinder. They developed a spectral element
method (SEM) to solve the bidimensional Navier-Stokes equations using a three-level
high-order time-split scheme for time integration. In which they employed an eight-
order Legendre-Lagrangian polynomials as interpolants within each mesh element.
It is also mentioned that the method is applicable to three dimensional flows. The
results showed good agreement with available experimental data, emphasizing the
power of numerical simulations.

In 1996, Khalak and Williamson [4] conducted an experiment to measure lift,
drag and position of an extremely low mass and damping circular cylinder. This was
possible due to low friction and lightweight design which achieved a lower damping
ratio when compared to earlier studies. They also concluded that the fluctuating
lift and drag forces are sensitive to the boundary conditions at the cylinder’s end. It
was also observed that the cylinder’s response has two branches of resonance: lower
and upper, which was previously neglected, see Fig. 2.6. They also studied the

behaviour of the system when varying m*, it was concluded that the lower m* gives



the greater response. This behaviour was also observed in a bidimensional direct

numerical simulations of Newman and Karniadakis [18].
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Figure 2.6: (a) Comparison of Khalak and Williamson’s [4] results for low mass-
damping (e), and Feng’s [5] (¢) the mass-damping parameter, m*(, is about 30
times smaller for Khalak’s experimental conditions. (b) Comparison of the observed
results for m* = 2.4 (e), and m* = 10.3 (¢), while the mass-damping parameter was

the same.

Mittal and Kumar [19] used a stabilized space-time finite element formulation
to study cross-flow and in-line oscillations of a circular cylinder at Reynolds num-
ber 325. They noticed a phenomenon called soft lock-in, in which the oscillation
frequency does not exactly match the structural frequency, that is, a slight detun-
ing is present. This happened when the cylinder’s mass was close to the mass of
the displaced fluid, and disappeared when the cylinder’s mass was much larger.
The authors concluded that the detuning of the vortex-shedding frequency from the
structural frequency is a mechanism of the oscillator to self-limit its vibration am-
plitude. Singh and Mittal [20] studied the hysteresis and vortex shedding modes at
Re = 100 while Prasanth and Mittal [9] studied VIV by fixing the Reynolds number
and varying the reduced natural frequency of the system and by fixing the natural
frequency and varying the Reynolds number from 60 to 200. Both of these studies
used the finite element formulation introduced in Mittal and Kumar [19].

Shiels et al. [21] performed numerical simulations using the viscous vortex
method to investigate the cross-flow oscillations of an elastically supported circular

cylinder at Re = 100. They introduced a new variable into the analysis named
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effective elasticity, k}z while studying the response for the undamped system. The
effective elasticity combines the effects of inertial and elastic forces into a single
dimensionless parameter.

Nobari and Naderan [22] studied the two-dimensional flow around an oscillating
circular cylinder using the FEM coupled with the ALE formulation, to account
for mesh movement. The authors independently analysed forced cross-flow and in-
line oscillations, varying oscillation amplitude and frequency. They observed that
lock-on occurred near the Strohaul frequency for the cross-flow vibrations while the
synchronization happened near twice the Strouhal frequency for in-line oscillations.
The vortex patterns for different oscillation conditions was also analysed.

Plackzek et al. [23] performed numerical simulations of an oscillating cylinder
in cross-flow at Re = 100. The authors used an finite volume code to solve the
bidimensional Navier-Stokes equations coupled with the ALE formulation. They
studied forced oscillations to identify the lock-in boundaries as well as free vibrations
using the dimensionless parameter k', introduced by Shiels et al. [21].

Williamson and Govardhan [12], Tamura [24], Wu et al. [25] and Huera-Huarte
[26] published extensive reviews on vortex and flow-induced vibrations. In which
they summarize published results as well as present the different models developed
for VIV. These are excellent papers if the reader wishes to understand the physical
phenomenon as well as get acquainted with the plethora of material available in this
complex field of fluid-structure interactions.

From the brief review herein presented, VIV may be defined as a self-excited,
yet self-limited physical phenomenon. It is also clear that there are three ways to
study vortex-induced vibrations: CFD , experimentally and wake-oscillator models.
While the first two methods are used to fundamentally understand the physical
phenomenon, the later is very useful in predicting the dynamics of structures under

VIV. The current work, however deals with CFD to study VIV.

2.2 Finite Element Method

The origin of the finite element method may be traced back to 1941, however the
term “Finite Element Method” was coined by Clough in 1960 [27]. Up to this date,
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the FEM was exclusively used to solve solid mechanics problems. As such, multiple
references on the application of the FEM in the field of solids are well-established,
see [28, 29, 30]. Nevertheless, the pioneering work which applied the FEM to field
problems was published in 1965 by Zienkiewicz and Cheung [31].

When utilizing the FEM to discretize the Navier-Stokes equations, one obtains
a saddle-point problem due to the velocity-pressure coupling, as well as the in-
compressibility condition. And depending on the type of element employed, the
saddle-point problem will not have an unique solution. In order to guarantee that
the discretization will yield in a well-posed problem a certain condition must be
satisfied. The works from Ladyzhenskaya [32], Babuska [33] and Brezzi [34], culmi-
nated in the inf-sup or Ladyzhenskaya-Babuska-Brezzi condition, which determines
whether the discretization of a saddle-point problem is stable.

Taylor and Hood [35], applied the FEM to solve the bidimensional Navier-Stokes
equations using two different formulations: velocity-pressure and stream function-
vorticity. Both of them were discretized using the Galerkin method. Nevertheless,
the v — p formulation used parabolic isoparametric elements, the ¢ — w formulation
used the cubic quadrilateral since the second derivatives of the shape functions are
needed. They conclude their work emphasizing that the v — p formulation is more
feasible due to the fact that pressure boundary conditions are directly specified.
Furthermore, this formulation facilitates the use of the FEM in three dimensions
because the 1) — w one requires the use of plate-bending type elements that cannot
be easily extended to the third dimension.

Huyakorn et al. [6], performed a comparison between four types of mixed inter-
polation finite elements used to discretize the v — p formulation of the Navier-Stokes
equations. These four types were: six-node triangular elements, eight-node serendip-
ity elements, nine-node Lagrangian elements and four-node quadrilateral elements.
They concluded that for the most accurate results for velocity and pressure fields,
the Lagrangian element must be employed while the serendipity one yields the less
accurate pressure distribution. Moreover, the four-noded element will generate er-
roneous pressure solutions depending on the boundary conditions.

In 1980, Gresho et al. [36], developed a Galerkin finite element method (GFEM)

to solve the incompressible Navier-Stokes and Boussinesq equations in two dimen-
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Figure 2.7: Mixed interpolation elements considered in Huyakorn et al. [6].

sions. The GFEM was applied the governing equations in primitive variables
(v,p,T), yielding in a coupled system of ordinary differential equations in time.
They employed a quadratic approximation for velocity and temperature while using
a linear one for the pressure in order to satisfy the LBB condition. The element
of choice was the nine-noded quadrilateral, which they reported performs badly for
strong thermally-coupled flows. This occurs due to the approximation space used
for the pressure, which sometimes fail to adequately enforce incompressibility.

The arbitrary Lagrangian-Eulerian (ALE) framework was first developed in the
context of a finite difference scheme for all flow speeds, detailed in Hirt et al. [37].
Considering the FEM however, the ALE description for incompressible viscous flows
was developed by Hughes et al. [38], while Donea et al. [39] applied the ALE to
inviscid compressible flows. Both of them used the ALE formulation to properly
simulate fluid-structure interactions, which yielded in satisfactory results.

In 1982, Brooks and Hughes [40] developed the Streamline Upwind/Petrov-
Galerkin (SUPG) for convection dominated flows. They used an implicit pres-
sure/explicit velocity transient algorithm that allows for the treatment of the in-
compressibility condition and multiple iterations within a single time step. The
developed method has the robustness of an upwind method, as spurious wiggles
do not appear in the solution. The method is also free of artificial diffusion, often
present in upwinding schemes. In the context of finite elements, this method is
also easily implemented since it does not require higher order or exotic weighting

functions.
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Pironneau [41] developed a second order algorithm combining the method of
characteristics and the FEM to solve the convection-diffusion equation. He applied
said scheme to solve linear transport-diffusion equation and also extended it to the
Navier-Stokes equations. This scheme was of the upwinding type and proved itself
stable even when the Reynolds number is infinite, that is, the Euler equation.

Codina [42] presented a review on the available finite element methods for the
convection-diffusion-reaction equation. In which he highlights the similarities and
differences between the five methods described therein. They are: SUPG, Space-
time Galerkin/least-squares method (ST-GLS), Sub-grid scale method (SGS), Char-
acteristic Galerkin (CG) and Taylor-Galerkin method (TG). Codina shows that the
main difference between the presented methods lies in the different definitions of
an operator applied to the test functions, which is responsible for the stabilizing
properties of each method.

More recently, Anjos [43] developed a three-dimensional finite element code to
solve for the hydrodynamic field near the rotating electrode in an electrochemical
cell. The Galerkin method was applied in the spatial discretization of the Navier-
Stokes equations, while the convective term was treated through the material deriva-
tive, which in turn, was discretized by a first-order explicit semi-Lagrangian scheme.
A few years later, Anjos extended this work to simulate two-phase flows with phase
change to study micro scale interlayer cooling systems, see [44]. In which he utilized
the ALE description to account for moving boundaries inside the fluid domain, thus
effectively capturing two-phase flows moving interfaces.

The finite element method coupled with the arbitrary Lagrangian-Fulerian
framework continues to be employed in fluid-structure interaction modelling and
simulation in diverse fields of study. Sun et al. [45] developed an advanced ALE
mixed finite element method to solve cardiovascular fluid-structure interaction prob-
lems that arise from cardiovascular diseases that culminate in aneurysms attached
to the vascular wall. Darbhamulla and Jaiman [46] proposed an ALE-FE framework
for the prediction of cavitating turbulent flows interacting with flexible structures.
While Palmer et al. [47] used the Petrov-Galerkin FEM coupled with the ALE
scheme to determine the performance of Oscillating Water Column (OWC) under

second-order Stokes waves. Lastly, Sun et al. [48] developed an immersed multi-
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material arbitrary Lagrangian Eulerian finite element method to effectively capture

fluid-structure interactions considering multi-phase flows.
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Chapter 3

Methodology

In this chapter, the governing equations for an incompressible Newtonian fluid
are derived, obtaining the Navier-Stokes equations. These equations are then pre-
sented in a non-dimensional form, which allows for a better understanding of the
terms in the equations. After that, the arbitrary Lagrangian-Eulerian framework
is formally introduced and the governing equations are written in this formulation.
Every differential equation is subjected to boundary and/or initial conditions, hence
a brief description of these conditions are also shown. Later, the spatial and tem-
poral discretization methods are introduced in order to obtain the discrete system
of equations. Then the chapter ends with a few comments about the computational
aspects and a full algorithm for the solution of the Navier-Stokes equations written

in an ALE reference frame.

3.1 Governing Equations

This chapter will introduce the differential equations that govern fluid flow. The
equations are written in the arbitrary Lagrangian-Eulerian reference frame. Since
the fluid is considered to be a continuum, three independent dynamical laws may

be used to describe fluid flow:
e Conservation of mass
e Conservation of momentum

e Conservation of energy
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In this work, however, the third law will be disregarded as it will not be used to

study the phenomena of interest.

3.1.1 Conservation of Mass

According to Panton [49], this conservation law states that the time rate of
change of the mass of a of a material region is zero. In other words, it means that
the rate in which mass enters a control volume is the same as the rate of mass leaving
plus the accumulation of mass within this volume.

The mass of the material region is computed by integrating the density over the
volume. In mathematical terms:

d
l dv = 0. 3.1
i ).’ (3.1)

Using the Reynolds transport theorem, Eq. (3.1) is rewritten as:

%dv+/pv-ndS:O, (3.2)
v ot s

by applying the Gauss theorem to the surface integral in Eq. (3.2), the whole

equation is written in terms of a volume integral:

i + V- (pv)dV =0. (3.3)
v Ot

Since Eq. (3.3) is valid for all volumes lying entirely in the fluid domain, it means

that the integrand must be equal to zero, hence:

% + V- (pv)dV =0, (3.4)

which is known as the continuity equation. Since the present work deals with in-

compressible fluids, p = constant, Eq. (3.4) is simplified to:

V-v=0. (3.5)

3.1.2 Conservation of Momentum

This conservation law states that for a given fluid with density, p which flows
through a control volume V', its momentum accumulation rate is equal to the net

flux of momentum out of the control volume plus the resultant of surface and body
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forces. This conservation law is analogous to Newton’s second law for a point mass.

Mathematically it can be stated as:

d
— [ pvdV =Fg+ Fp. (3.6)
@/,

Using the Reynolds transport theorem to rewrite the left-hand side of Eq. (3.6):

:l E(/C ‘)
_t pV = / /SpVV n S, (3 )

while the resultant surface and body forces may be expressed as:
Fs= / o-ndS, (3.8)
S

Po— [ pgav. (3.9)
1%

where o represents the stress tensor and g the gravitational acceleration. Therefore,

Eq. (3.6) is written as:

/—a(pv)dV+/,0VV-ndS:/0'~ndS+/png (3.10)
v Ot S S v

Using Gauss’ theorem in Eq. (3.10) to transform surface integrals into volume

integrals yields:

/a(pv) dv+/v-(pvv) dV:/V-adV+/png (3.11)

Similarly to the conservation of mass, Eq. (3.11) must be valid for any control

volume, hence:

0
%jtv-(pvv) =V .o+ pg. (3.12)

Expanding the left-hand side of Eq. (3.12) using the derivative product rule and
the following identity, V- (UA) = A - (VU) + U(V - A), it becomes:

d(pv) __0Op ov
5 +V (pvv)—vat +p8t +v - (Vpv) +pv(V-v). (3.13)

As this work deals with incompressible fluids:

dp
o~
V-v=0,
therefore Eq. (3.12) simplifies to:
ov
p aﬂLv-Vv =V-.o+g. (3.14)
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Based on the assumptions made to derive the previous equations, the stress
tensor is defined as:

o=—-pl+T, (3.15)

where p represents the mechanical pressure, I is a 3x3 identity matrix and 7 is the

viscous stress tensor. Equation (3.15) in matrix notation is:

Oze Ozy Oz —pz 0 0 Tee Tay Taz
Ope Oyy Oyl = | 0 =y 0 | + [Ty Tyy Tyl - (3.16)
Ozaz Ozy Oz 0 0 —Pz Tex Tzy Tzz

Substitution of Eq. (3.15) into (3.14), yields:

0
p(8—Z+V-Vv>:—Vp+V-T+g. (3.17)

From Eq. (3.17), it becomes clear that a definition for the viscous stress tensor

is still needed, hence the assumption of Newtonian fluid is adopted.

3.1.3 Newtonian Fluids

By definition, a fluid continuously deforms under shear stress. Its general be-
haviour may be described by the relationship between the applied shear stress and
shear rate. For Newtonian fluids this relation is linear and is mathematically ex-
pressed by, Panton [49]:

T = —;U(S (V-v)+2uE, (3.18)

where g is the dynamic viscosity, ¢ is the Kronecker delta and E is the strain rate

tensor, which is defined as:
1 T
E=2[Vv+(VV)']. (3.19)

However, due to the continuity equation, Eq. (3.5), the viscous stress tensor, Eq.
(3.18) simplifies to:
T=p[Vv+(Vv)]. (3.20)

3.1.4 Navier-Stokes Equations

The continuity equation coupled with the conservation of momentum equation

in which the viscous stress tensor, T is substituted by Eq. (3.20), may be referred
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as the Navier-Stokes equations. The energy equation could also be coupled with the
other two, however its inclusion is beyond the scope of this work.

For an incompressible, viscous flow these equations are:

V.v=0, (3.21)

0 1
8_‘75, +v-Vv= —;Vp + V- [u(Vv+Vv)] +g, (3.22)

where v is the kinematic viscosity and it is defined as v = p/p. Taking into account
the incompressibility condition and rewriting Eq. (3.22) in terms of the material
derivative yields:

Dv

1 9
—_— = —— . 3.23
Dt pr+l/V vV+g ( )

Equations (3.22) and (3.23) represent the conservation of momentum in the
Eulerian and Lagrangian descriptions, respectively. The material derivative notation
is preferred since it is more convenient to understand the semi-Lagrangian method,

which will be explained later.

3.1.5 Non-dimensional Navier-Stokes Equations

The procedure derived in this section in unnecessary if the objective is only to
solve the Navier-Stokes equations. However, such a procedure allows for a better
understanding of the terms in the equations. Thus, this methodology starts by

defining non dimensional variables:

ooX vy g U “_ P
I U ~ 7 b=
g_goo o= Ut V=1 Vi =T

where the superscript * identifies that variable as non dimensional. Substitution of
these newly defined variables in Egs. (3.21) and (3.22) yields:

%V* v =0, (3.24)

UQ@V* U2 * Kk pU2 * ok vU * * K * kT *
Tar TV VY =y Y VIV (V)] + g™ (3.25)
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Multiplying the continuity and momentum equations above by L/U and L/U?

respectively:
V*-v* =0, (3.26)
ot VP TUL Uz 8- ‘

From the equations above, two non dimensional numbers may be identified, the

Reynolds and Froude numbers, they are:

Re = E v
v Vel

where the Re number represents the ratio between inertial and viscous forces, and
the Fr number, the ratio between inertial and gravitational forces. For example,
if Re < 1 it means that the viscous forces are dominant whereas if Re >> 1, the
inertial forces are dominant. This analysis allows for the characterization of the flow
in question, that is, laminar flows occur at low Reynolds while turbulent flow occurs
at high Reynolds. The Froude number however is less important than the Reynolds
one, considering the objective of this study. It becomes relevant in flows where a
free-surface is present, for example. This number is used to characterize flows in
which the effects of gravity cannot be neglected.

Therefore by using the non dimensional numbers, dropping the superscript and
accounting for the incompressibility condition, Eqgs. (3.22) and (3.23) may be rewrit-
ten in non-dimensional form:

V-v=0, (3.28)
ov 1

— +v-Vv=-Vp+

1
2
. 2
T Vv + g (3.29)

Re Ir?

3.1.6 Arbitrary Lagrangian-Eulerian

There are two main ways to specify the dynamics of a fluid, one of them follows
the fluid particle and the other observes the flow through a fixed point in the domain.
They are known as Lagrangian and Eulerian descriptions.

In the Lagrangian framework any flow variable may be expressed as ¢(xo,1),
where xg is the position of the particle’s centre of mass at some initial instant, g,
Batchelor [50]. Hence, the material derivative is used to describe the fluid dynamics.

However, from a computational standpoint this description is not feasible since its
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unable to follow large distortions of the computational domain without constant
remeshing operations, Donea [51]. This is necessary because the mesh nodes are
displaced at each time step by the calculated fluid’s velocity. Figure 3.1 represents

a one-dimensional example.

e meshnode - particle motion

[] material point

Figure 3.1: Lagrangian framework schematics: mesh nodes move with the calculated

flow field velocity.

While in the Eulerian description flow quantities are defined as functions of time,
t and position in space, x = (z, ¥, z). Computationally speaking it can handle large
distortions since the mesh no longer moves with the fluid velocity. Nevertheless,
it lacks when it comes to precise definition of interfaces. Figure 3.2 represents the

Eulerian framework in one-dimension.

L_I [e] [e] [e] [e] [e] I__l
4 nd na R4 Rl Rl 0
tyerT r r M e Me M
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e meshnode - particle motion

[] material point —— mesh motion

Figure 3.2: Eulerian description schematics: mesh nodes are fixed in space through-

out time.

That said, the arbitrary Lagrangian-Eulerian (ALE) framework tries to combine
the best features of the Lagrangian and Eulerian descriptions. In the ALE frame-
work, mesh nodes may move in a Lagrangian fashion, be fixed in a Eulerian manner
or moved in some arbitrary way with velocity . There are three possible scenarios
when considering the mesh velocity. If ¥ = 0 the Eulerian description is recovered,

if v = v the mesh moves with the same velocity as the fluid particle which recovers
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the Lagrangian viewpoint. Meanwhile, if ¥ # v # 0 the mesh moves with an arbi-
trary velocity and the ALE framework is achieved. Figure 3.3 illustrates the ALE

description in one-dimension.

e meshnode particle motion

[] material point —— mesh motion

Figure 3.3: ALE framework schematics: a generalized description in which the mesh

nodes can move with an arbitrary velocity or stay fixed.

The non-dimensional incompressible Navier-Stokes equations written in an ALE

reference frame are:

9 1
Y e Vv=-Vp+—
Re

2
o Vv + g, (3.30)

in which a convective velocity, ¢ is defined as ¢ =v — V.

3.1.7 Boundary and Initial Conditions

In order to solve differential equations boundary and initial conditions are of
the utmost relevance, since they are used to obtain unique solutions for these equa-
tions. With respect to the numerical modelling of the Navier-Stokes equations, the

following boundary conditions are used:

e No-slip condition: All velocity components are equal to zero, therefore the fluid
is at rest. This condition is usually applied to walls and stationary objects in

the flow.

e Free-slip condition: Normal velocity component with respect to the boundary

is equal to zero, however the tangential component is unrestricted.

e Kinematic coupling condition: This condition is applied to a moving bound-
ary within the fluid domain. The moving boundary velocity is used as the

boundary condition for the fluid problem. That is, v = x.
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e Inflow condition: Used at the boundary which denotes the entrance of fluid.

For this condition, v = Viyjet.

e Outflow condition: Defined as p = 0, which means that the fluid flow is
exiting through that boundary. It represents a situation where flow details are

unknown prior to the solution.

3.2 Finite Element Method

In this chapter the weak form of the equations solved by the computational code

will be presented.

3.2.1 Variational Form

Since this work deals with incompressible fluids the equations that govern the

fluid problem are the momentum and continuity equations:

1
a—v+é-VV:—Vp+—

2 3.31
ot Rev v ( )

V-v=0, (3.32)

which are valid in a arbitrary domain 2 C R™. Subjected to the following boundary

conditions:

v=vrand Vp-n=0in T, (3.33)

p=prand (n-V)v-n=0inTI%,. (3.34)
Firstly, a Hilbert space must be defined as:

LQ(Q):{U:Q—HR'/szdQ<oo}, (3.35)

where L?() is an infinite dimensional space characterized by the Lebesgue integral,
which is used to define the norm and inner product. Next, the Sobolev space that
guarantees enough regularity for all terms in the weak formulation to be well-defined

is given by:
ov

H'(Q) = {v e L2(Q) ' o

cL*(Q),i=1,2,.. } : (3.36)
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Now, the velocity subspace is defined as:
V=H Q)" ={v=(v1,...,vm) | € H'(Q),Vi=1,...,m}, (3.37)

which is essential to ensure the test functions satisfy the boundary conditions and
the divergence free condition, since this work deals with incompressible flows. Note

that V= H'(Q)™ is the Cartesian product of m spaces H'(Q) where:
VF:{VEV|V:VFH}F1}, (338)

Pr={qe L*(Q)|q=prinTs}. (3.39)

The variational formulation consists in finding the solutions v(x,t) € Vr and
p(x,t) € Pr.

In order to obtain the weak form of equations (3.31) and (3.32), they need to be
multiplied by test functions, w and ¢, belonging to suitable spaces and integrated

on €.

/ a—v+é~Vv 'WdQ—i-/Vp-WdQ—/LVQV'WdQ—O. (3.40)
Q (9t Q QR@

So as to rewrite some of terms present on Eq. (3.40) the following Green formulae

are necessary, Quarteroni [52]:

/goV-bdQ:—/b-Vgon+/gab-ndF, (3.41)

Q Q r

—/VQUU dQ:/Vu-VU dQ—/(Vu-n)vdF. (3.42)
Q Q r

Since an ALE formulation will be used, the first term on Eq. (3.40) is treated

as a material derivative:

ov Dv
e . — [ ==. _ 4
/Q (825 +c Vv) w dQ /Q oW dQ (3.43)

Using Green'’s formula for the divergence, Eq. (3.41), the second term of Eq. (3.40):
/Vp-WdQ:/p(w-n)dF—/pV-WdQ. (3.44)

Q r Q
For the last term in Eq. (3.40), Green’s formula for the laplacian is used, Eq. (3.42):

1 _, 1 1
Y wd = —— n)-wdl + — : dq. A4
A R@V vV-w o F(Vv n) -wdl'+ Re/ﬂvv Vw (3.45)
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The space in which the test function w belongs to is chosen so that w = 0, on

the boundaries where Dirichlet conditions are prescribed for v, that is
W ={w e H'(Q) | wr=0inT,}. (3.46)
Therefore, the final variational form for the momentum equation is

Dv 1
— -wdQ — -wdQ 4+ — ; dQ = 0. A4
/QDt w /va w dQ) + Re/vi Vw 0 (3.47)

The weak form of the continuity equation is straightforward:

/(V -v)q dQ2 = 0. (3.48)

3.2.2 Spatial Discretization

In this section, the Galerkin method will be formally introduced so as to spatially
discretize Eqs. (3.47) and (3.48). The Galerkin method is characterized by utilizing
the interpolating functions as the weighting functions. In order to discretize the

domain, the main variables need to be approximated:

v(x,t) &~ Z N;(x)v;(t), (3.49)

w(x,t) ~ Z N;(x)w;(t), (3.50)

p(x,t) = > Li(x)pi(t), (3.51)
k=1

q(x,t) ~ Z L. (x)q,(t). (3.52)

In the approximations above, N; and Lj are the interpolating or shape functions
for velocity components u, v and pressure, respectively. These functions are con-
veniently defined so that its value at nodes 7 is equal to 1 and 0 at nodes j, that
is:

1if x = x;,

N;(x) = (3.53)
0if x = x;.
Since the Galerkin method is adopted, N; = N; and n equals the number of

velocity nodes while m, the number of pressure nodes. Its essential to keep in mind

that v; and w; are bidimensional vectors:
v = (u,v), (3.54)
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W = (W, Wy). (3.55)

Making the suitable substitutions on Eq. (3.47), yields:

/Q % (Z Nivi): (; Nyw; ) de - /Q (; Lip )V - (; Nyw; ) d+

(3.56)
i J
Rearranging Eq. (3.56) and dividing both sides by w;:
sz
/NN dQ — ZZpk/ LyV - N; dQ+
(3.57)

E;;vi/gvmzwvj dQ =0,

the term V - N; can also be expressed as VT N;. Equation (3.57) will be rewritten

in the element domain, €2¢ instead of the whole domain, 2:
))IP DL IRAVETIED 35 B) S AP A AT O
e J i Dt Qe ’ e k J Qe ’
1 €
ﬁZZZW 5 VN, : VN; dQ° = 0.
e J 7

Considering now the weak form of the continuity equation, with substitution of

(3.58)

v and ¢ by their respective approximations:

/Q(V ' Z Nin‘)Z L,q, dQ = 0. (3.59)

Rearrangement of Eq. (3.59) and moving onto the element domain results in:

ZZZVZ/ (V- Ni)L, dQ° =0 (3.60)

The integrals in Eq. (3.58) result in element matrices which are defined as:

m' = [ N, e (3.61)
ge:/ LyV - N; dQ°, (3.62)
d° — / (V- Ni) L, do, (3.63)
k= | VN VN 4o (3.64)

27



Equations (3.58) and (3.60) may be written in matrix notation:

> m* %‘; - gm+ é D kv =0, (3.65)

D dvi =0. (3.66)

In essence, Egs. (3.65) and (3.66) represent the system of equations that needs to be
solved in order to find v and p. However, they are written in the element domain,
Q¢ while we are looking for a solution in the global domain, £2. Thus an assembly
operation needs to be performed so that the system can be expressed in the domain

of interest.

M = A(m®), (3.67)
G = A(g°), (3.68)
D = A(d°), (3.69)
K = A(k°), (3.70)

where A is the assembly operator. Hence, Egs. (3.65) and (3.66) are rewritten in

terms of the global matrices:

Dv; 1
M— — —Kv,; = 71
Dy Gpr + 7o KV 0, (3.71)
Dv; =0. (3.72)

It is important to state that there is a relationship between the divergent and gra-

dient matrices used:

D =G,

this way only the assembly of the gradient matrix is necessary.
The material derivative in Eq. (3.71) still needs to be discretized, that is where

the semi-Lagrangian method acts upon.

3.2.3 Semi-Lagrangian Scheme

In this section the methodology used to discretize the material derivative will
be formally presented. The principles of the semi-Lagrangian method dates back to

the 1950’s, in which a graphical method was used to solve the barotropic vorticity
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equation, an atmospheric numerical model, Fjgrtoft [53]. By the end of the decade,
the first use of this method in advection problems comes in Wiin-Nielsen [54] ref-
erenced as quasi-Lagrangian advection. In this paper, the author focused on the
backwards tracing of a set of particles over a single time step, originating the idea
of departure points. Since the departure points rarely coincide with a grid point,
an interpolation using the neighbouring grid points becomes necessary to determine
the value of the variable of interest.

Throughout the 60’s and 70’s the semi-Lagrangian method was applied to differ-
ent numerical models. However, it was in 1981 when Robert [55], demonstrated that
compared to the Eulerian formulation for advection, the semi-Lagrangian scheme
could use significantly larger time steps and remain numerically stable. The follow-
ing year, Bates and MacDonald [56], verified that the scheme in [55] is stable. They
also derived the semi-Lagrangian method for bidimensional problems, using bilinear
or bi-quadratic interpolation schemes to evaluate the departure point value.

The use of the semi-Lagrangian method to discretize the material derivative
in the Navier Stokes equations first appeared in Pironneau [41]. However, more
recently Anjos [57] presented one- and two-step versions of the semi-Lagrangian
scheme employed in two-phase flows.

Consider a scalar function 7, its material derivative in three dimensions is:

m—@4—u@—|—v@—i— @

Dt Ot or Oy Yoz (3:73)

This operator is then discretized by a first order finite difference approximation:

n

Dy "' -3

~ L 74
Dt At (3.74)

in which +} is the value of the scalar function at the departure point, x,;. The

departure point is calculated by:
x4 = X" — v"At, (3.75)

where x™ is always a node belonging to the original mesh, v is the calculated field
velocity at instant n and At is the time step utilized in the simulation.
As the governing equations are written in the ALE framework, Eq. (3.75) has

to be slightly modified in order to account for the moving mesh, hence the revised
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equation for the departure points is:
xg =x" — (V' — V") At, (3.76)

where v is the mesh velocity for the current iteration.

Since the departure points do not coincide with mesh nodes the search-
interpolation procedure from Xiu [58] is adapted to the current work. As the depar-
ture points are the displaced mesh nodes, the search starts from one of the node’s

neighbouring elements, shown in Fig. 3.4.

departure point x,

Figure 3.4: Schematic figure illustrating how the search algorithm works.

To check if the departure point is inside that element, the dot product between
the vector connecting the element nodes, x; to the departure point, x; and the

normal edge vector is computed, Fig. 3.5:
(xg —x;) -m; > 0.

If all scalar products are positive, the departure point is inside the current element,
however if the departure point is outside the current element, one of the dot products
will be negative and the departure point will be located in the direction of that edge.
This way the next element to be searched is identified, making the trajectory of the

searching procedure linear.
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The interpolation procedure is straightforward, since the shape functions of the

finite element are used to interpolate the desired fields. That is:
va=» Ni(x)vi, (3.77)

in which N;(x) are the shape functions from the finite element employed in the

spatial discretization.

X3

Figure 3.5: Illustration of the procedure used to check if the departure point is inside
an element. In (a) the displaced node is found inside the searched element, while in
(b) the node is found outside the currently searched element and the search goes to

the element that is adjacent to the second edge.

With the discretization of the substantial derivative using the semi-Lagrangian

scheme, Eq. (3.71) is written as:

n+1 o n 1

\Z A%
\Y d -G n+1+
Pr Re

Kv'! = 0. .
N vt =0 (3.78)

Equations (3.72) and (3.78) are expressed in a block matrix notation:

M 1 n+1 M. n
At RK Gl v i ey (379)
D 0 pntt 0+ bc,
which may also be written in terms of the velocity components, u and v:
M 1 n M, n
AL + e 0 —GX u +1 Eud + bcu
0 M+ EK -Gyl (ot = | Xl +be, | - (3.80)
D, D, 0 ptt 0+ bc,



In generic notation, the system is expressed as:

Ax = b, (3.81)
in which:
N+ =K 0 —Gi untt Xul + be,
A= 0 M+ AK —Gy|, x= ||, b= [Myn 4 pe,
D, D, 0 P! 0+ bc,

3.2.4 Mesh Element

In order to satisfy the “inf-sup” or Ladyzhenskaya—Babuska—Brezzi (LBB) condi-
tion a specific type of finite element needed to be chosen. The element of choice was
the Mini quadrilateral. This type of element was first developed for the triangular
element by Arnold et al. [59] to solve the Stokes problem. Later, Bai [60] adapted
the previously development methodology to the )1 — ()1 element, creating the Mini
quadrilateral element. This element is the classical bilinear quadrilateral with an
added node at its centroid enriched by a bubble function. That way the velocity
field is calculated at five nodes while the pressure is calculated at the four vertices,

satisfying the LBB condition.

(O Pressure nodes
e Velocity nodes

Figure 3.6: Schematics of the Mini quadrilateral element.
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The shape functions for this element in natural coordinates are:

1--n 1

M= 0D Sa ey, (582
N, = D ey ) (389
Ny = O ey (384
= E2REEDSa_eya o) (389

N5 = (1-&)(1—-n?). (3.86)

3.2.5 Numerical Integration

In order to use an unstructured mesh, a Gaussian integration library developed
by professor Gustavo R. dos Anjos was used. The quadrature method was chosen
because it yields the exact results for the evaluated integrals and it is numerically
attractive. The numerical integration method used in this library will be explained
herein.

This integration scheme is used to assemble the finite element matrices, therefore

the integrals that need to be evaluated are of the form:

. f(z,y) dQ° = //f(x,y) dzx dy. (3.87)

However, to use Gaussian quadrature to evaluate this integral, a transformation of
coordinates needs to be performed first, since the integration method works only in
the natural domain, which is bounded by the closed interval [—1, 1]. In this domain

r — £ and y —> 7, hence the double integral in Eq. (3.87) becomes:

1= / 1 / Fa(€n).(em) det(D)| d (3.88)

in which J is the Jacobian matrix, responsible for the transformation of coordinates
from Cartesian to natural. Geometrically, the determinant of the Jacobian repre-
sents the area of the element in the Cartesian domain. Thus, the original integral can
be evaluated in any domain through a transformation of coordinates. The integral
in Eq. (3.88) is then approximated by:

npg npn

I~ Z Z f(&,n;) |det(T)] wiw;, (3.89)
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where np is the number of quadrature (integration) points, (§;,7;) are the natural
coordinates of the Gaussian points and w is the weight associated with the integra-
tion points. This integration method can exactly evaluate integrals of polynomials
of order 2n — 1 with n integration points.

For more detailed information on numerical integration, see Hughes [28] and

Zienkiewicz [61].

3.2.6 Body Forces

The force a fluid exerts over a body is given by:

F / o ndr, (3.90)
I

where o represents the stress tensor. As previously shown, this tensor may be

written as:

o= —pl+ u[Vv+ (Vv)'], (3.91)

in which, p represents the dynamic viscosity if dealing with the dimensional problem
or p = 1/Re, if dealing with the non-dimensional form of the governing equations.
Considering the problem in two dimensions, the matrix notation of the newtoninan

stress tensor is equal to:

0 ou Ou ou Ov

o = + L dr Oy + m ox 890 7 (392)
0 —p o o ou v
or Oy Oy Oy

—p + 2u8" u(g—g+g—§;)

o= ) ) 5 (3.93)
u(;;+a—;‘) —p+2p3,
In terms of the finite element matrices:
Opx = —p + 2uGy u, (3.94)
Oy = Oya = Gyt + Gy, v), (3.95)
Oyy = =D + 2uGy, 0. (3.96)

With the stress tensor calculated, the forces may be computed by:

ou ou Ov
F, = 7{ {—p + 2u£} Ng + [u (8_y + %ﬂ n, dI’, (3.97)
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Jv  Ou Jv
F, = 7{ {,u (% + 3_y)1 Mg + {—p + Q,ua—y] n, dI. (3.98)

In terms of the discretized domain and operators:

Fy = Mrp - [(—p + 2uGy, u)ng + (1(Gy,u + Gy v)ny, (3.99)
F, =My - [(=p + 2uGy,v)ny + (G v + Gy, u)ng), (3.100)
in which My is the boundary mass matrix and Gy is the gradient operator for the

velocity vector. The boundary element mass matrix is defined for the line segment

between two nodes and is given by:

h 1
mf = — : (3.101)
611 2
where h is the length of the line segment, which is given by:
h = \/(% —x)? + (Y5 — vi)* (3.102)

An assembly process is necessary to obtain My. Visually speaking, m{. corresponds
to the line segment connecting two adjacent black dots in Fig. 3.7, while Mrp

represents the whole closed boundary.

———

~——

Figure 3.7: Hlustration of the integration region, each colour represents the region
over which the integration is taking part, based on the definition of the normal nodal

vectors.

Since v and p are stored at the mesh nodes, the normal vector used Eq. (3.90)

must also be defined at the nodes. In order to compute nodal normal vectors, the
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tangent edge vectors for the boundary I' are computed first. Then they are rotated
by 90° so that they become edge normal vectors. With these edge normals the unit
nodal normals can be estimated as the summation of the adjacent edge normals with

respect to the node of interest, for example:

n; = it my (3.103)

|01+ mnyf|
An illustration of the described procedure is presented in Fig. 3.8.

n;

™ o,

(b)

Figure 3.8: Representation of the normal vector in a bidimensional space. (a) The
normal edge vector is calculated by computing the tangential edge vector and ro-
tating it by 90° degrees. (b) The nodal normal vector is then computed by the

summation of the adjacent normal edge vectors.

The relationship between the computed forces and the non-dimensional drag and

lift coefficients is given by:

F.

Cq = lpTwUQ’ (3.104)
2
Fy
o= : (3.105)
%pDU2

3.3 Computational Code

In this section, aspects of the computational code will be explained. Mesh gen-
eration, data structures and the main algorithm will be detailed in the following

text.
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3.3.1 Mesh Generation

In order to numerically solve the Navier-Stokes equations using the FEM a spatial
discretization of the fluid domain must be performed first. This discretization is done
by the open source mesh generator software Gmsh [62]. Unfortunately, Gmsh does
not support the Mini element, therefore a straightforward post-meshing processing

is required to add the bubble node.

Figure 3.9: Example of a quad mini mesh to illustrate the data structures used in

the code.

In order to assemble the global finite element matrices a connectivity array is
exported with the generated mesh. In this work, the array chosen was the TEN
structure. Considering the mesh shown in Fig. 3.9, the IEN for elements 30 and
999 are:

IEN[30] = [21, 95, 46, 86, 67]

IEN[999] = [89, 12, 1, 33, 77]

where the first four numbers indicate the vertex nodes and the last number, the
bubble node. Every element must be numbered following the same orientation, in

this work the orientation chosen was anti-clockwise.
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3.3.2 Data Structures

In order to facilitate the implementation of some of the methods used, different
data structures were needed.

The first of them was the neighbouring elements with respect to node i. For
example, consider the nodes 16 and 95 in the mesh shown in Fig. 3.9. The neigh-

bouring elements for these nodes are:

neighElem[16] = [7, 44]

neighElem[95] = [30, 1, 44, 7]

It is clear that boundary nodes will have less neighbouring elements than a node
deeper into the domain.

An essential data structure for the semi-Lagrangian method is the opposite ele-
ment to an element edge. It is with this structure that the method knows in which
element it should search for the departure point. Considering elements 30 and 33

from the mesh in Fig. 3.9, their opposite elements are:

oElem[30] = [1, 7, 5, 4]

oElem[33] = [-1, 4, 5, -1]

The -1 value indicates that there is no opposite element to that edge.

Finally, the minimum distance structure is used to impose a mesh velocity based
on the distance between the rigid body and a node inside a specific mesh region. Two
lists are stored, one with the index of the boundary node which is closer to node ¢ and
another storing the distance between node i and the closest boundary node. Figure
3.10 is referenced to better visualize this data structure. The mesh which is subjected
to movement is defined by the region inside the pink coloured circumference, hence
the mesh outside this circle, gray coloured, is fixed. The minimum distance data
structure is assembled only for the black coloured mesh and each node inside this
region has a distance to a node lying on the boundary of the moving geometry, which
is represented by the blue circumference in Fig. 3.10. However only the smallest
distance is stored, that is, the distance to a specific node lying on the blue boundary.
This structure is used to apply a linearly decaying velocity up to the pink boundary;,

which always has a mesh velocity equal to zero.
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Figure 3.10: Illustration of the minimum distance data structure.

3.3.3 Algorithm

A general description of the proposed algorithm is presented below, emphasizing
each of the necessary steps performed during the computations.

The algorithm begins with the loop responsible for time marching, in which it
calculates a user specified number of iterations, nIter. Then an arbitrary mesh
velocity is calculated. In this work, this velocity is proportional to the calculated
moving boundary velocity. After that the mesh nodes are moved with the calculated
mesh velocity. With the new mesh nodes coordinates, the element matrices are
computed and the assembly procedure for the global matrices takes place.

After assembling the finite element matrices the block matrix is built following
Eq. (3.81) and the constant vector is initialized, line 5 of Algorithm 1. The boundary
conditions are then applied to the matrix system. For Dirichlet type condition, the
row is zeroed while the main diagonal component of the row is equal to 1.

Now, the semi-Lagrangian scheme begins with the calculation of the departure
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points, following the equation in line 7 of Algorithm 1. Then the search-interpolation
procedure starts, according to the previously described theory. For the sake of
clarity, this procedure does not loop through all mesh nodes, nnodes, which are
the original mesh nodes Gmsh provides plus the added node at the centroid of
each element. Therefore, nnodes = npoints + ne, where npoints are the mesh
nodes at each vertex of the quadrilateral elements and ne is the number of elements.
The search-interpolation scheme yields the interpolated velocity vector based on the
calculated departure points, subjected to the previously defined velocity boundary
conditions.

After that, the previously initialized b vector is populated based on Eq. (3.81)
and the boundary conditions for velocity and pressure are applied on it. The fol-
lowing step is the solution of the matrix system, in which the objective is to find
vector x, where the velocity and pressure vectors are stored.

From line 14 onwards of the algorithm, the velocity and pressure fields used are
those yielded by the solution of the matrix system. The computation of the stress
tensor is done following Eqs. (3.94), (3.95) and (3.96). The stress tensor is then
projected onto the nodal normals of the boundary of interest and integrated along
it to calculate the fluid forces acting on it. The last step of the algorithm consists
of determining the moving boundary velocity based on the calculated forces, which
can be evaluated in multiple ways. These different methods are made explicit later

on.
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Algorithm 1

1: for n < nlter do > ODE time loop
2: Calculate mesh velocity: ¥

3: Move mesh nodes with: x"*! = x" + VAt

4: Assemble FE matrices: M, K, Gy, Gy, Dy, Dy, Gy, , Gy,

5: Build block matrix A and initialize b vector

6: Apply boundary conditions on A for v and p

7: Compute the departure points: x% = x"*! — (v — V) At

8: for i < nnodes do

9: Search-interpolation procedure

10: end for
11: Apply boundary conditions on interpolated velocity vector vy
12: Compute b vector and apply boundary conditions for v and p

13: Solve linear system for v and p: Ax=Db

14: Extract the v and p vectors from x and apply boundary conditions
15: Compute stress tensor: o = —pl + u[Vv + (Vv)T]

16: Calculate aerodynamic forces: F = Mro,

17: Compute moving boundary velocity: vp
18: end for

41



Chapter 4

Results and Discussion

In this chapter, the validation problems are presented and their solutions are
compared with the obtained results from the methodology previously described in
this work. After that, a series of simulations involving vortex-induced vibrations
are performed in order to test the capability of the present methodology to prop-
erly capture and predict this fluid-structure interaction problem. These simulations
include forced and free oscillations in the transverse direction as well as an elasti-
cally mounted geometry which is free to vibrate in the two translational degrees of

freedom present in a plane.

4.1 Hagen Poiseuille

The Hagen Poiseuille flow describes the laminar flow inside a circular pipe. It
has an analytical velocity profile which makes this problem a sort of benchmark in
order to validate the accuracy of the computational code, considering laminar flows.

Figure 4.1 illustrates the geometry and boundary conditions of this type of flow.

u=0,v=0 Vp'n=0
Vpn=0 ___ y
u=1 p=0
v=0 x (n-V)vn=0
u=0,v=0 Vpn=0

Figure 4.1: Schematics of the Hagen Poiseuille flow with boundary conditions.
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According to Batchelor [50], the velocity profile for this problem is:

1 Op

u(y) = —ﬂ%(yh -7, (4.1)

where h is the distance between horizontal plates. The pressure gradient in this

example is given by:
dp 5 Q
S — —lau—=,
ox h3
where () is the volumetric flow rate. Considering that the velocity magnitude at the

entrance is U, and by definition

Q:/V-ndA:Uh,
A

substitution of the flow rate per unit length into the pressure gradient expression
yields:

dp U
= 12155 (4.2)

Plugging Eq. (4.2) into Eq. (4.1) results in:

uly) = 65 (uh — 7). (1.3

For simulation purposes, U = 1 and h = 1, hence the maximum value for the
velocity profile must have a magnitude of uy.x = 1.5 and occur at y = h/2. The
mesh geometry has L = 5 and the velocity profile was evaluated at L = 4.9, to
ensure the flow is fully developed. Based on inlet flow velocity and mesh geometry
the simulated Reynolds number was equal to 10, while the time step used was equal
to 0.001 and 4000 iterations were computed.

Three different mesh refinements were used to simulate this problem, their in-
formation is available in Table 4.1. The computational time required to perform
the simulations are also available in Tab. 4.1. The wu-velocity profile for each of
the simulations is presented in Fig. 4.2. It is clear that the current methodology
correctly predicts the velocity profile despite a small error that tends to decrease as

the mesh is further refined. The velocity and pressure contours can be seen in Fig.

4.3.
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Table 4.1: Computational time for the three meshes employed in the Hagen

Poiseuille flow.

Identification No. Elements Total time [h] Time per iteration [s]

Mesh 18k 17641 6 5
Mesh 50k 50000 29 30
Mesh 200k 200000 262 240

1.4 =

1.2 1

1.0 1

x-velocity
=)
o
1

0.6 1
0.4 A
—— Analytic
—=- Mesh 18k
0.2 1 -—-- Mesh 50k
—==- Mesh 200k
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
y

Figure 4.2: Comparison between the simulated u-velocity profile at L = 4.9 and the

analytical velocity profile.
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()

Figure 4.3: Contours for Mesh 200k for Re = 10. (a) u-velocity; (b) v-velocity; (c)

pressure.

4.2 Lid-Driven Cavity

The lid-driven cavity problem consists of the flow inside a box that has an infinite
moving lid. This problem has long been used to validate CFD codes for multiple
Reynolds numbers since it has been studied by a number of researchers such as Ghia
et al. [63] and Zienkiewicz et al [7]. Despite the absence of an analytical solution
this problem is considered a benchmark because its laminar solution is steady and
the boundary conditions are compatible with most numerical approaches. Figure 4.4
illustrates the driven cavity geometry and boundary conditions. The mesh geometry
is a 1 by 1 square composed by 16384 quadrilateral elements and 33025 nodes, while
the time step used was At = 0.001.
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u=1,v=0,Vpn=0

y

u=20 u=20
v=0 < v=0
Vprn=20 Vp'n=20

p=0
(n-V)v.n=0 \

u=0,v=0,Vpn=0

Figure 4.4: Schematics of the lid-driven problem with boundary conditions.

Table 4.2: Computational time for the three driven cavity simulations.

Re  Tterations Total time [h] Time per iteration [s]

100 25000 52 8
400 50000 85 6
1000 50000 85 6

The driven cavity was simulated at three different Reynolds numbers: 100, 400
and 1000. The computational time spent on each case is shown in Tab. 4.2. The

results were then compared to those from Ghia et al. [63], which can be seen in

Figs. 4.5 and 4.6.
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Figure 4.5: u-velocity profiles along the vertical line passing through the geometric

centre of the fluid domain.
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Figure 4.6: v-velocity profiles along the horizontal line passing through the geometric

centre of the fluid domain.
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Figure 4.7: Velocity contours for the driven cavity. Left column represents u-velocity
while the right one presents v-velocity. (a) and (b) Re = 100; (c) and (d) Re = 400;

(e) and (f) Re = 1000.
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4.3 Flow Past a Cylinder

This problem can used to validate the computational code as well as the method
utilized to compute the fluid forces since it has been studied by multiple researchers
utilizing different numerical methods. Hence, there is a lot of available data in the

literature.

4.3.1 Fixed

Simulations were performed with a fixed cylinder in order to evaluate the force
computation algorithm. A mesh and time step sensitivity analysis were also con-
ducted so as to understand the influence of h-refinement and time step decrease on
the calculated results. In order to make these assessments the results obtained from
the presented methodology were compared to the example 4.4 from Zienkiewicz [7].

To study the influence of A-refinement, 6 different meshes were used, which are

identified in Table 4.3.

Table 4.3: Mesh identification and its details.

Mesh No. Elements No. Nodes

hy 4358 8847
ha 6236 12627
hs 9722 19615
hy 15312 30867
hs 22086 44571
he 33058 66605
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Figure 4.8: Reference results from Zienkiewicz [7] - (a) Vertical velocity component

at the mid-point of the outlet boundary; (b) drag history.
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Figure 4.9: Drag time history for six different mesh refinements - (a) Full time

history; (b) zoomed in view.
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Figure 4.10: Time histories for six different mesh refinements - (a) Vertical velocity

component; (b) Lift coefficient.

From Figs. 4.9 and 4.10 it is clear that by refining the computational mesh
the mean drag coefficient increases slightly, a minor phase shift is observed and an
increase in amplitude for the drag coefficient is noticed. While the amplitudes of
v, and lift coefficient increases as well. Table 4.4 quantitatively summarizes the

variables of interest for these simulations.

Table 4.4: Comparison of the results obtained for different h-refinements.

Mesh g "™ ™ St

hy 1.22° 029 0.18 0.160
Do 1.23 0.32 0.20 0.165
hs 1.24 035 0.22 0.170
hy 1.24 036 0.22 0.170
hs 1.24 036 0.23 0.170
he 1.25 0.37 0.23 0.170

For the time step refinement analysis, the hs mesh was employed, see Fig. 4.11.

The different time steps are presented in Table 4.5.
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Figure 4.12: Drag time history for five different dt refinements - (a) Full time history;

(b) zoomed in view.
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By analysing Figs. 4.12 and 4.13 it becomes clear that by decreasing the time
step of the simulation the mean drag coefficient decreases and so does its oscillation
amplitude. An interesting thing to notice is that for dt; a new oscillation frequency
appears in the drag coefficient, which the author believes has no physical meaning
and is a result of numerical errors. The amplitude of v, and lift coefficient also
decreases, however its mean value grows further from zero as the time step is refined.

Table 4.5 quantitatively summarizes the variables of interest.

Table 4.5: Time step value and comparison of the results obtained for different dt-

refinements.

Time step At " g™ g™ St

dtq 0.1 1.24 035 0.22 0.170
dty 0.06 119 030 0.19 0.170
dts 0.02 1.17 0.26 0.16 0.165
dty 0.01 1.17 0.26 0.15 0.165

dts 0.005 1.16 0.26 0.15 0.165

All in all, it is apparent that h-refinement and dt decrease have opposite effects,
hence a balance between them must be found so as to guarantee optimal results. It
is also clear that the present methodology slightly underestimates the aerodynamic

coefficients despite their proper qualitative behaviour, see Tab. 4.6. The author
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Table 4.6: Comparison of the results obtained by different researchers for the flow

past a cylinder at Re = 100.

Reference et ot gms St

Shiels et al. [21] 133 - 030 0.17

Singh and Mittal [20] 1.35 - 0.25 0.17
Posdziech and Grundmann [64] 1.31 - 0.32 0.16
Wanderley et al. [65] .30 - 0.22 0.16
Placzek et al. [23] 1.37 033 0.23 0.17
Decuyper [66] .37 - 023 0.17

Present 1.19 0.30 0.19 0.17

attributes this discrepancy to the type of finite element employed in this work, the
Mini quadrilateral. Therefore, a further study is needed to properly verify this
hypothesis.

4.3.2 Forced Oscillation

A set of forced cross-flow oscillations were performed in order to capture the
lock-in phenomenon based on an amplitude versus frequency map according to the

experiments of Koopmann [8], which is shown in Fig. 4.15.

u A y(t)

\

X

Figure 4.14: Tllustration of the prescribed oscillation problem.

A similar methodology to the ones adopted by Nobari [22] and Placzek et al.
[23] is used to prescribe the cylinder’s oscillation. In these simulations the cylinder

had a prescribed displacement governed by Eq. (4.4):
y(t) = Asin (27 fot), (4.4)
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where A represents the cylinder’s non-dimensional amplitude of vibration and f; the
frequency in which the cylinder is forced to oscillate, while Fig. 4.14 illustrates the
cylinder motion. However, a non-dimensional frequency is defined as F' = fy/ fs, in

which fs represents the Strouhal frequency at the simulated Reynolds number.
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Figure 4.15: Lock-in region for different Reynolds numbers based on the experi-
mental data for forced oscillations from Koopmann [8]. The y-axis represents the
cross-flow oscillation amplitude while the z-axis gives the ratio between the vortex
shedding frequency for the vibrating (f) and stationary (fy) cylinder, figure from

Prasanth and Mittal [9].

The occurrence of lock-in is determined by a spectral analysis of the temporal
evolution of the lift coefficient. Whenever a second peak frequency appears on the
Power Spectral Density (PSD) of the lift coefficient, the configuration is unlocked,
meaning their is no synchronization based on the specified amplitude (A) and fre-
quency (fo = fsF'). Not only this, but the phase plot for ¢; versus y* is analysed,
since the lock in region is defined as the domain in which the temporal evolution
of lift coefficient is purely sinusoidal and governed by forced oscillation frequency
Nobari and Naredan [22].

In order to study forced response oscillations, a prescribed amplitude of A = 0.30
was adopted while varying the non-dimensional frequency 0.50 < F' < 1.50. The

computational domain used to perform the simulations is based on the geometry
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presented in Placzek et al. [23], which can be seen in Fig. 4.16. The mesh used
in the following simulations is shown in Fig. 4.17, it has 22310 elements and 44968
nodes.

The boundary condition for the cylinder is known as kinematic coupling, and it
states: vpr = x, where vr is the boundary velocity vector and x is the displacement

time derivative of the cylinder.

(m-V)un=0,v=0,Vpn=0

= D
V=0 10D P9
V =
Vp-n=0 (n-V)vn=0
Y 5D
12.5D 20D

Figure 4.16: Schematics of the flow past a cylinder problem with its boundary

conditions.
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Figure 4.17: Mesh used to perform forced and free oscillation, as well as elastically

mounted cylinder simulations.

Five different cases, considering cross-flow forced oscillations, were simulated.
Three of them illustrate the lock-in phenomenon: F' = 0.80, F' = 0.95 and F' = 1.05,
while the other two present the unlocked configuration. As previously mentioned,
the locked configuration is determined by analysing the PSD, lift coefficient time

series and phase plots.
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The unlocked configurations considered F' = 0.60 and F' = 1.30. Their respective
results are shown in Figs. 4.18 and 4.22. It is clear that there is more than one
frequency present in the time history of the lift coefficient, which is shown by the

two peaks present in the PSD.
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Figure 4.18: Results obtained for A = 0.30 and F' = 0.60, in which (a) represents the
temporal evolution of the drag coefficient, (b) temporal evolution of the lift coeffi-
cient, (c¢) phase diagram between the lift coefficient and the cross-flow displacement,

(d) PSD and (e) vorticity contour at non-dimensional time 100.
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Figure 4.19: Results obtained for A = 0.30 and F' = 0.80, in which (a) represents the
temporal evolution of the drag coefficient, (b) temporal evolution of the lift coeffi-
cient, (c¢) phase diagram between the lift coefficient and the cross-flow displacement,

(d) PSD and (e) vorticity contour at non-dimensional time 100.
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Figure 4.20: Results obtained for A = 0.30 and F' = 0.95, in which (a) represents the
temporal evolution of the drag coefficient, (b) temporal evolution of the lift coeffi-
cient, (c¢) phase diagram between the lift coefficient and the cross-flow displacement,

(d) PSD and (e) vorticity contour at non-dimensional time 100.
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Figure 4.21: Results obtained for A = 0.30 and F' = 1.05, in which (a) represents the
temporal evolution of the drag coefficient, (b) temporal evolution of the lift coeffi-
cient, (c) phase diagram between the lift coefficient and the cross-flow displacement,

(d) PSD and (e) vorticity contour at non-dimensional time 100.

61



1.54
1.0
0.5 1
S 0.0
*O.S‘l
~1.04
-1.51
25 50 75 100 125 150 175 2‘5 Sb 7‘5 160 léS ]5'0 1%5 200
Nondimensional time Nondimensional time
(a) (b)
40
1.54
354
1.0
304
0.5 254
< 0.04 a 20
o
—0.54 154
10
—1.0 1
5 -
—1.5
0
03 02 01 00 01 02 03 0.0 02 04 0.6 058 10
y* Nondimensional frequency
(c) (d)

(e)

Figure 4.22: Results obtained for A = 0.30 and F' = 1.30, in which (a) represents the
temporal evolution of the drag coefficient, (b) temporal evolution of the lift coeffi-
cient, (c) phase diagram between the lift coefficient and the cross-flow displacement,

(d) PSD and (e) vorticity contour at non-dimensional time 100.
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Figure 4.23: Variation of the aerodynamic coefficients with the frequency ratio F,

in which (a) presents the drag coefficient and (b) the lift coefficient.

Three different frequency ratios were selected to illustrate the lock-in phe-
nomenon: F = 0.80,0.95 and 1.05, their results are plotted in Figs 4.19, 4.20 and
4.21. These results dramatically differ from the previous ones, the evolution of the
aerodynamic coefficients are purely sinusoidal, PSDs now appear with only one peak
frequency, while the phase diagrams between the lift coefficient and the transverse
displacement show only the limit cycles. The lock-in phenomenon can also be seen
in the vorticity contours since the vortices are shed in a regular way due to the
synchronization between cylinder motion and vortex shedding, Nobari and Naderan
[22].

The behaviour of the aerodynamic coefficients follow the pattern described by
Nobari and Naderan [22], Placzek et al. [23]. That is, the drag coefficient achieves
a maximum value inside the lock-in zone and suddenly drops after, while the lift
coefficient starts with an slight decrease and begins to exponentially grow at the
lower boundary of the lock-in region until its upper boundary. Then the growth
continues but in a linear fashion, these behaviours are shown in Fig. 4.23.

The simulations performed took about 45 hours to complete 5000 iterations using
a time step of At = 0.04 and each iteration took around 33 seconds. The time spent
per iteration in these simulations increase because as the cylinder moves, the mesh
nodes coordinates also change, hence the assembly of the FEM matrices needs to be

done at each iteration.
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4.3.3 Free Oscillation

In this section, the cylinder’s motion is governed by Newton’s second law, hence

it is freely moving in the fluid domain. Its non-dimensional form it is equal to:

d
F = m*%, (4.5)
where the derivative is treated explicitly:
n+1 —}
F =m' L N r (4.6)

Hence, the cylinder’s boundary has a velocity based on the calculated forces and
this velocity is used to move it inside the domain with a mesh velocity proportional
to the cylinder’s velocity. The non-dimensional mass used in these simulations was

m* = 5 and the cylinder’s motion is represented by Fig. 4.24.

u A VD
y s
- ;
X

Figure 4.24: Tllustration of the free oscillation problem.

The mesh shown in Fig. 4.17 was also employed to perform the current sim-
ulations. Five different scenarios were simulated for the freely moving cylinder:
Re = 100,200, 300,500, 1000. In these simulations only transverse movement was
considered, hence there is no movement in the horizontal direction. The total sim-
ulated time was 1000 non-dimensional time units using a 0.1 time step.

The results, shown in Fig. 4.26, illustrate the time series of the drag and lift
coefficients, as well as the non-dimensional cross-flow displacement. As the Reynolds
number increased, so did the aerodynamic coefficients, which was to be expected.
However, when analysing the behaviour of the cylinder’s oscillations it is clear that
the rigid body finds a new equilibrium coordinate when it starts to feel the fluid
forces. Upon reaching this new equilibrium point, ye, the cylinder vibrates around

it and the amplitude of this vibration also increased as the Reynolds number got
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higher. The values for the aerodynamic coefficients and the y-coordinate of the new

equilibrium point are presented in Tab. 4.7.

Table 4.7: Summary of the obtained results for the freely vibrating cylinder.

Re cmesn gms g
100 1.14 0.19 0.09
200 1.17 033 0.11
300 1.20 0.41 0.10
500  1.22 0.48 0.08
1000  1.28 0.59 0.06

A freely vibrating ellipse was also considered during these simulations, the ellipse
was defined with r, = 0.5 and r, = 0.4. The characteristic length chosen in order
to determine the Reynolds number for the flow was 2r, and four different Re were
considered: 100, 300, 500 and 1000. The mesh used has the same geometric configu-
ration as the mesh employed in the cylinder simulations, its details are presented in
Tab. 4.9. The results are plotted in Fig. 4.27 and the behaviour of the aerodynamic
coefficients is similar to that observed for the cylinder. The main difference between
the ellipse and the cylinder is that the amplitude of the three analysed variables are

lower for the ellipse case.

Table 4.8: Summary of the obtained results for the freely vibrating ellipse.

Re cmen grms
100  0.78 0.09 0.03
300 0.78 0.23 0.05
500  0.78 0.28 0.06
1000 0.79 0.33 0.03

Finally, tandem cylinders were also simulated under this scenario at Re = 100.
The geometry used for this case is seen in Fig. 4.25. From the calculated results,
it is clear that the cylinder in the wake of the first one suffers higher amplitude
oscillations due to the fact that the lift coefficient amplitude is also larger, while the

mean drag coefficient is lower in spite of the fact that its oscillation amplitude is
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higher, see Fig. 4.28. Quantitatively, the cg’lmean = 1.07 while cgfmean = 0.62 and the
C}:irms jumps from 0.21 to 0.78, which is a significant difference. The new equilibrium

coordinates for the cylinders are almost the same, y;! = 0.188 and y 2 = 0.187.

(m-V)un=0,v=0,Vpn=0
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Vp.n = O “\.1 P DN / ( )
Jy— 7D
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Figure 4.25: Mesh geometry employed for the tandem cylinders with boundary

conditions.

Table 4.9: Mesh details for the ellipse and tandem cylinders geometries.

Mesh No. Elements No. Nodes
Ellipse 24327 49014
Tandem 33371 67343
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Figure 4.26: Comparison between the results obtained for the freely vibrating cylin-
der under different Reynolds numbers. (a) Drag coefficient; (b) lift coefficient; (c)
y* displacement; (d) vorticity field at non-dimensional time 996.5 for the Re = 300

case.
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displacement; (d) vorticity field for Re = 1000.
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Figure 4.28: Comparison between the results obtained for the freely vibrating tan-

dem cylinders, I'; represents the cylinder in front, while I'y, the one behind it.

(a) Drag coefficient; (b) lift coefficient; (c) y* displacement; (d) vorticity field for

Re = 100.
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4.3.4 Elastically Mounted

In this section, the cylinder’s motion is governed by a second order differential

equation from Prasanth and Mittal [9], while Fig. 4.29 illustrates the problem.

T 5 | 2 Cd
+ 4n(F, + (27 F},) = . , (4.7)
y (] (0 e ¢

in which x and y are the displacements, ( is the damping ratio, F, is the reduced

*

natural frequency, m* is a non-dimensional mass, ¢; and ¢; are the drag and lift
coefficients, computed by Eqgs. (3.104) and (3.105). The non-dimensional mass is

defined as:

4m
L 4.8
while the reduced natural frequency, which is related to the reduced velocity is equal
to:
U 1
U* = = . 4.9
7.0 T (49)

Nevertheless, the current simulations use m* = 10, F,, = 16.6/Re and { = 0,

therefore the reduced velocity varies with the Reynolds number.

u

=g

Figure 4.29: Tllustration of the elastically supported cylinder.

The equation of motion is solved by an explicit scheme, described below:

1
y' =y L yUAL + 55}”&2, (4.10)
v =yt + yUAL, (4.11)
where y" is given by:
“n 2¢q, . n 2 n
V' = ——= —4n(F,y" — (27 F,)y". (4.12)
Tm*
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It is important to notice that the boundary velocity, vp = y™*1.

Simulations were performed varying the Reynolds number from 60 to 180 (or
3.61 < U* < 10.87) and the maximum transverse oscillation amplitude for each
Re is plotted in Fig. 4.30. Differently from the other sections, here the cylinder
has two degrees of freedom, therefore in-line and cross-flow oscillations are present
in the current scenario. Three different Reynolds numbers were chosen arbitrarily
to illustrate the results obtained with this analysis: Re = 75, 83 and 100. The
aerodynamic coefficients, orbit and vorticity contour are presented in Figs. 4.32,
4.33 and 4.34. It is important to notice that the orbit graphs were plotted using

only the values of displacement at the last 40 non-dimensional time units.
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Figure 4.30: Variation of maximum cross-flow oscillation amplitude with Re.

The obtained results are in agreement with the one presented by Prasanth and
Mittal [9], especially when comparing the behaviour of the maximum transverse
amplitude versus Re. An analysis of Fig. 4.30 clearly indicates the presence of a
lock-in region, which starts around Re ~ 80 and ends at Re ~ 130. The maximum

amplitude of transverse vibration was nearly 0.6D at Re = 88.
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Figure 4.31: Variation of the drag and lift coefficients as a function of Re, in which

(a) presents the mean drag coefficient while (b) shows the max lift value.

Figure 4.31 presents the behaviour of the aerodynamic coefficients as a function
of the Reynolds number. As previously seen on the forced oscillation section, the
drag coefficient achieves a maximum value inside the lock-in zone and the decreases
as Re grows. While the lift coefficient sharply grows at the lower boundary of the
synchronization region and decays up to the upper limit of the lock-in zone. Then

it starts to linearly grow until the last simulated Re.
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Figure 4.32: Results obtained for the elastically mounted cylinder at Re = 75.

(a) Time history of the lift coefficient; (b) time history of the drag coefficient; (c)

cylinder orbit; (d) vorticity contour at non-dimensional time 150.
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Figure 4.33: Results obtained for the elastically mounted cylinder at Re = 88.
(a) Time history of the lift coefficient; (b) time history of the drag coefficient; (c)

cylinder orbit; (d) vorticity contour at non-dimensional time 150.
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Figure 4.34: Results obtained for the elastically mounted cylinder at Re = 100.
(a) Time history of the lift coefficient; (b) time history of the drag coefficient; (c)

cylinder orbit; (d) vorticity contour at non-dimensional time 150.
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4.4 Flow Past a Square

The flow past an elastically supported square was also considered. The dynamics
of the rigid body is governed by the same equation as in the cylinder case, Eq. (4.7).
However, the structural parameters considered for this simulation were different and
include a small damping ratio, all simulation parameters are displayed in Tab. 4.10.
It is important to notice that the reduced velocity is related to the reduced natural

frequency through Eq. (4.9).

Table 4.10: Simulation parameters for the flow past an elastically mounted square.

m* U~* ¢ Re At
20 7 0.0037 250 0.04

The mesh geometry used is similar to the one previously shown in Fig. 4.16. The
square is defined with an edge size equal to 1, such that its characteristic length is
also 1. The mesh used to perform the simulation had 18917 quadrilateral elements
and 38153 nodes.

The equations of motion of the elastically mounted square are similar to Eq.
(4.7), except for the right hand side, which is now given by ¢;/2m*. As the displaced
fluid volume per unit length of an object with a rectangular cross-section is pDL,
while one with a circular cross-section is prD?/4.

The obtained results are seen in Fig. 4.35. The rms value of the fluctuating
lift coefficient is ¢;™° = 0.29, while the mean drag coefficient is ¢;***" = 1.69 and
the Strouhal number is equal to 0.165. The amplitude of vibration is larger in the

transverse direction than the horizontal one.
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Figure 4.35: Results obtained for the elastically mounted square at Re = 250.

(a) Time history of the lift coefficient; (b) time history of the drag coefficient; (c)

cylinder orbit; (d) vorticity contour at an arbitrary non-dimensional time.
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Chapter 5

Conclusion and Suggestions

The current work proposes a coupled FEM-ALE methodology to simulate fluid-
structure interaction phenomenon, which demonstrated satisfactory results when
compared to the available literature on vortex-induced vibrations. The chapter
then ends with a few suggestions on the possible future developments in order to

improve the methodology, particularly in terms of performance and accuracy.

5.1 Conclusion

This work presents a complete methodology to simulate the fluid-structure in-
teraction between a rigid body and an incompressible fluid. The finite element
method is used to discretize the Navier Stokes equations, which are written in an
arbitrary Lagrangian-Eulerian framework, thus allowing the mesh nodes to move.
The coupling between FEM and ALE methods provides an accurate description of
a moving boundary inside the fluid domain, which is essential to properly study
vortex-induced vibrations.

In order to stabilize the numerical scheme for higher Reynolds numbers, a semi-
Lagrangian method is also employed to discretize the material derivative in the
Navier-Stokes equations. The utilization of this stabilizing technique requires an
efficient search-interpolation procedure to evaluate the variable of interest at the
departure point, which was also implemented into the methodology herein described.

Different benchmark simulations were performed, which yielded satisfactory re-

sults when compared to analytical solutions or the available literature. Despite a
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slight underestimation of the aerodynamic coefficients, which were attributed to the
type of finite element employed, the proposed methodology adequately captures the
intricate dynamics of a system subjected to fluid-structure interactions due to the
FEM-ALE coupling. As demonstrated by the computed results for forced oscilla-
tions in the transverse direction as well as the results obtained for the two degree of
freedom elastically mounted cylinder.

In summary, the proposed methodology has proven it can properly simulate
vortex-induced vibrations in spite of its main drawback: underestimation of the
aerodynamic coefficients. The author does not exclude the possibility of an imple-
mentation error that can be attributed as the cause of the main drawback. However,

to investigate this further a new finite element must be employed first.

5.2 Future Work

During the development of the proposed methodology multiple difficulties were
tackled. ~While some were successfully overcome, others were only bypassed.
Notwithstanding these difficulties, the author is satisfied with the developed work.
However, it is also clear that multiple changes can be made to improve the perfor-
mance and mainly the accuracy of the proposed method. The author believes future

work should tackle the following topics:

e Higher-order shape functions: improves accuracy and will allow the develop-
ment of an explanation as to why the current methodology underestimates the

aerodynamic coefficients.

e Higher-order semi-Lagrangian schemes: improves accuracy and reduces nu-

merical diffusion.

e Laplacian smoothing: this technique improves mesh quality by repositioning

the nodes in order to satisfy a certain element aspect ratio.

e Matrix assembly process: currently all element matrices are reassembled at
each iteration when mesh movement is present, in spite of the fact that only
a small region requires this reassembly process, which is one of the most time

consuming steps in the proposed algorithm.
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e Elastically supported under different structural parameters.
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