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Abstract. We consider the stability of rotating disk flow coupled, thgh the fluid viscosity, to
the mass concentration field of a chemical species. Thisgrioafion refers to an electrochem-
ical cell where the working electrode consists of an iroratotg rod, which is dissolved in the
1 M H,SOy, solution of the electrolyte. Polarization curves obtainedhese cells present a
current instability at the beginning of the region where tharent is controlled by the mass
transport. The instability appears at a certain value of #pplied potential and is suppressed
beyond another value. Dissolution of the electrode gives to a thin concentration boundary
layer, due to a Schmidt numbgr: = 2000 of the setup. This boundary layer, together with the
potential applied to the electrode, leads to an increasénanftuid viscosity and to a decrease
in the diffusion coefficient, both affecting the chemicags field. Since the current is pro-
portional to the normal derivative of the species concemtraat the interface, an instability
of the coupled fields at sufficiently low Reynolds numbersresyt in a current instability. In
this work we review the main points related to the joint waskaucted in the last ten years by
the Metalurgy and Materials Engineering Dept./Program la¢ tFederal University of Rio de
Janeiro, togeteher with the Mechanical Engineering GraguRrogram/GESAR Group, at the
State University of Rio de Janeiro, related to the lineatbdity analisys of the hydrodynamic
field close to the rotating disk electrode. in addition, wpad the first steps towards a direct
numerical simulation of the problem. The linear stabilityadysis shows that the coupling of
the hydrodynamics to the cocentration field of a represe&rgathemical species strongly re-
duces the stability of both. In addition, the coupling giveise to a new unstable region of
modes at even lower Reynolds numbers, of same order of thtaseed in the experimental
setup. The amplitude of the concentration component ohblestmodes in this new region is
much larger than the amplitude of the hydrodynamic variablEurthermore, the concentra-
tion unstable modes are confined to a boundary layer 20 tilmesér than the hydrodynamic
boundary layer. The combination of these two propertiestpm the existence of oscillations
of the interfacial concentration gradient at levels suéidi high to induce detectable current
oscillations. In addition, numerical experiments showttthee new unstable regions collpase
and the constant viscosity stability properties are recesef a too high interfacial viscosity is
attained, suggesting that this mechanism could be resplafsir the collpase of the current os-
cillations. As a follow up of the stability analysis, a FEMNB code is under development at our
group. The numerical solutions adopted are discussed atidateon results of the proposed



algorithm are presented.
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1. INTRODUCTION

Electrochemical cells using a rotating disk electrode amedaly used experimental tool in
electrochemistry, due to the simplicity of the setup andalcethat the mass flux is independent
of the radial position along the disk, at steady state cayit(LevichLevich (1962), 1962).
The rate of transfer of ions close to the electrode is comrdlyi controlled through the angular
velocity imposed to the electrode and this rate of transéfinds the maximum steady state
current attained in an experiment. Polarization curveaiobtl in these cells present a current
instability at the beginning of the region where the curierdontrolled by the mass transport.
The instability appears at a certain value of the appliegmal and is suppressed beyond
another value (GeraldoGeraldo et al. (1998), 1998).

In the present paper we review the stability of the hydrodyiedield coupled to the trans-
port of one relevant chemical species, originated from tissalution of the iron electrode,
presented by Mangiavacdtial. Coupling appears through a concentration dependents#sco
ity. Since the current is proportional to the normal demabf the ions concentration at the
electrode surface (BarciaBarcia et al. (1992), 1992) (s $2) a reduction on the critical
Reynolds number to typical values found in experimentabia@ms could lead to a current in-
stability. A phenomenological law is assumed, relatingfthiel viscosity to the concentration
of a representative chemical species, and the paramettris ¢tdw are estimated based on ex-
perimental electrochemical data. As a follow up of the ditgtanalysis, a FEM-DNS code is
under development at our group. The numerical solutionptedicare discussed and validation
results of the proposed algorithm are presented.

2. GOVERNING EQUATIONS

The problem is governed by the continuity and the Naviek&aequations, coupled through
the viscosity, to the transport equation of a relevant chahsipecies. These equations, written
in the frame attached to the surface of the rotating disk:read

divv=20 1)
&:—%va—ﬁx(er)—lgradpjtldi\m (2
Dt p p

%f = div(D grad () (3)

where(2 is the angular velocity of the rotating disk electrodeandD are, respectively, the
concentration and the diffusion coefficient of a represar@achemical species andis the
viscous stress tensor for a fluid with variable viscosity.

We rewrite the evolution equations in non-dimensional forsariables having units of
length or its reciprocal (radial and axial coordinates tyndation wavenumber along the ra-
dial direction) are made non-dimensional with the lengtdu® measure the thickness of the
boundary layer(v,,/Q)'/?, wherev,, is the bulk viscosity of the fluid. Velocity components are
divided by the local imposed azimuthal velocity, pressure is divided by(r.£2)?, viscosity
is divided by the bulk viscosity;,., time and the eigenvalue of the linearized problem are made
non-dimensional with the time required by a particle, tagwith the azimuthal velocity.(?,
to move a distance equal to the reference length,/2)'/2. Here,r, is the dimensional coordi-
nate along the radial direction at which the stability aseys carried out. The non-dimensional



concentration of the chemical species is defined by:

C-Cy
T Cs—Cu

C (4)

whereCs andC,, are, respectively, the concentration of the chemical gseai the electrode
surface and in the bulk. We define also the Reynolds and theifithumbers by the relations:

1/2
R=r, <3> and  Sc= D= 5)
Vo Voo

At this point, we assume that the viscosity depends on thedmensional concentration of the
chemical species according to:

V = Uy exp(mC) (6)

wherem is a non-dimensional parameter depending on the electmuichécharacteristics of the
system (electrode material, type of electrolyte, applietéptial), but not on the concentration
of the chemical species. In particular, this parameter dgfthe interface viscosity, given by
v = Vs exp(m). We also assume the Stokes-Einstein law, which postullaggstie product of
the diffusion coefficient by the viscosity is constant:

Dv =Dy Voo (7

Equations (1-3) are rewritten as follows, in non-dimenaidorm:

divv =0 (8)
D 1
F‘;:—Zezxv—ezx(ezxreT)—gradp—l—EdiVT 9)
DC .

Dt =~ RS div(D grad C) (10)

A destabilizing potential of the coupling between the hytjreamic and the chemical species
fields can be seen in Egs. (8-10): the Reynolds number in Byjignultiplied by the Schmidt
number, which takes here the valtie = 2000, typical for electrochemical cells.

3. THE BASE STATE

3.1 Base State Equations

The base state is the von Karméan similarity solution for alfith the viscosity depending
on the concentration field, which is assumed to vary alon@gied coordinate only.

Ty rQF(z)

Tg rQG(2)

v | =] (e H(2) (11)
p PUsof2 P(2)

C Coo + (Cs — Co) C(2)

All variables in Eq. (11) are dimensional, except the axegpehdent profilest’, G, H, C' and
the axial coordinate. Boundary conditions fof', G, H andPareFF = G =H = P =0
at the disk surfac¢z = 0), ' = H' = 0 andG’ = —1 asz — oo. The non-dimensional
concentration profile;, varies from 1, at = 0, to 0, asz — cc.



Introducing Eq. (11) and the constitutive equations of thleabbnian stress tensor (dos
Anjosdos Anjos et al. (2006a)) in Egs. (1 — 3), together wits.H6) and (7), we obtain the
ordinary nonlinear system for the axial profilEsG, H, P andC"

2F +H' = 0 (12)
F?— (G+1?*+HF —vF" —VF = 0 (13)
2F(G+ 1)+ HG —vG" — VG = 0 (14)
P +HH —vH"—2VH = 0 (15)
serc - < + i;c’ =0 (16)
14 1%

where prime denotes derivatives with respect to the noredsional axial coordinate. The
viscosityr and its derivatives are written in non-dimensional formha &bove equations, and:

V' =mexp(mC) C". a7)

3.2 Evaluation of the Viscosity at the Electrode/Electrolye Interface

Egs. (12 — 16) are solved using the Newton method, in a staggeniform grid of points,
with space derivatives represented by second order appatixins. Solving these equations re-
quires specification of two parameters: the bulk Schmidtimemand the parameter appearing
in Eq. (6), which ultimately defines the electrolyte vistgsit the interface with the electrode.
Though both questions will be addressed in a separate pgpbetauthors we briefly review
the key points of the subject for the sake of completeness.

At this point, we assume that the limit current density atititerface is proportional to
the concentration gradient of the relevant chemical sgeggmerated by the dissolution of the
electrode. lons migration due to the potential gradieneected. The current density is given
by the relation (BarciaBarcia et al. (1992), 1992):

i _dC
(Coo —C) Vit Pl

(18)
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wherei is expressed iM/cm?, n is the valence number of the chemical species= 2),
F = 96500 C'/mol, is the Faraday constar®, = 2.0 x 10~*mol/cm? is the dimensional
concentration of the species at the electrode interfadar@ad condition)C., = 0mol/cm?
andy, is the fluid viscosity at the interface. The limit current digyn obtained experimentally
isi = 0.8810 A/em? at900 rpm (GeraldoGeraldo et al. (1998), 1998).

An initial value is specified forn, Egs. (12 — 16) are solved. The ratig/ v, is evaluated
and the non-dimensional normal derivative of the concéintrat the interfacedC/dz|,_,, is
obtained from the profiles. These figures are introduced i), leading to a value for the
current density. The value initially specified for is corrected and the procedure is repeated
until convergence to the experimental value f reached. At convergence we obtajiiv,, =
2.255 (m = Inv/vy).

3.3 Base State Profiles

The high Schmidt number leads to a concentration boundgey lauch thinner than the
hydrodynamic one. An estimation of the ratio between thektiesses of the hydrodynantis, )
and the concentratiofd.) boundary layers can be made by using the relafigi, ~ 2 Sc'/?
proposed by LevichLevich (1962). Upon assumiing= 6 for the hydrodynamic boundary



layer we estimaté,. = 0.24, using the above relation. The profiles numerically obtahiagree
with this estimate.

The thin concentration boundary layer results in velocityfites very close to the ones ob-
tained for the constant viscosity case. In particular, waiokd = —0.88559 far from the disk
for the variable viscosity flow considered, a figure sligldifferent from the asymptotic value
for the constant viscosity casH, = —0.88447. However, the derivatives of the velocity profiles
are strongly affected inside the concentration boundamri@Vangiavacchet al, 2007).

4. STABILITY OF THE BASE STATE

4.1 Stability Equations

We turn now to the question of the stability of the base statk mespect to small distur-
bances. The hydrodynamic and chemical fields are writtensasraof the base state plus a
perturbation:

v = Up+ 0y Vg = Vp+ Vg v, = U+,
) o 19
p o= 4D er = C+C } (19)
where the perturbation, in dimensional form, is given by:

Uy r ) f

'[19 ’I“eQ qg

0, = reQh exp [i(ar + RO — wt)] + cc. (20)
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Herew is a complex number, witht(w) and3(w) being, respectively, the frequency and the
rate of growth of the perturbation. The functiofisy, h, * andc depend on the axial coordinate
z and the parameters and 3 are the components of the perturbation wave-vector aloag th
radial and azimuthal directions. The base and the pertorbaiven by Egs. (11) and (20), are
rewritten in non-dimensional form:

Uy rF/R Oy f
Vg TG/R ’(79 g
v, = H/R 0, = h | exp[i(ar 4+ RO — wt)] +cc  (21)
P p/R? iz ™
C C ¢ c

The base state and the perturbation variables are intrddné&sgs. (8 — 10) and nonlinear terms
are dropped. Perturbation variables are not, strictly ldpga separable since the resulting
equations for the profileg, g, h, = andc still contain the radial coordinate. In order to
overcome the problem it is necessary to makepimallel flowassumption, where it is assumed
that variations of the above profiles are small as fafagr < 1. This approximation holds
whenever the stability analysis is carried sufficientlyffam » = 0. If variations of the profiles
with r are small, this coordinate can be assumed as constant. Thdimensional constant
r is the Reynolds number at which the stability analysis isiedr This is the parallel flow
hypothesis. Adoption of this hypothesis in rotating diskviidalik et al. (1981); Wilkinson &
Malik (1985); Lingwood (1995), is made by replacindy R.

To conclude, terms of ordeR~2 are dropped, leading to a generalized complex non-
symmetric eigenvalue-eigenfunction problem in the form:

Ay A Agg h By
Aoy A Asg n =wR By
Az Asg C Bss

>

(22)
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wheren = ag — 8 f, missing elements in the matrices are zero and the operdipesd B;;
are given by:

A = anuD* + a1z D? + a112D* + a1 D + aqng
Ay = a1z D + ajg

A3 = a132D* + a13:1D + arz0

Asi = aD + aso

Asy = a929D* + a921 D + asy

Az = a3 D + ass

A3 = az

Ass = aspD? + ass1 D + asso

BH = D2 — ;\2 B22 =1 B33 - ’LSC
with D" = d"/dz" and\? = o? + 3. By defininga = a — i/R and\? = aa + 2.

4.2 Stationary Neutral Curves

O UL - The neutral stability curves for stationary distur-
08 || chemical mados oos bancesR(w) = 0), obtained by solving the eigenvalue-
o OO eigenfunction problem foSc = 2000 and vy /v, =
0.4 2.255, are presented in Fig. 1. This figure shows that
0.2 the coupling of the mass concentration to the hydrody-
o.o(; T TR namic field affects the stability properties of the coupled

R fields, by enlarging the unstable region to a wider range
of wave-numbers and to a critical Reynolds number of

061 order of 50% of the critical wavenumber of constant
04l viscosity fluids.

P Fig. (1) shows also the existence of a new family
021 of much more unstable modes. We refer to these new
00! modes ashemicaland to modes belonging to the for-

mer family ashydrodynamic

The new critical Reynolds number is now associ-
ated to modes in the border of the unstable region of
chemical modes. The critical Reynolds number for sta-
tionary disturbances is& = 52.3, a number signifi-
cantly smaller than 285.36, the critical value for con-
stant viscosity fluids (Malik (1986), 1986).

We point out that the critical Reynolds number
obtained is within the range of values attained in the
Figure 1: The neutral stability curves 01:experimenta_ll setup by GeraldoGeraldo et al. (1998)
stationary perturbationéR(w) = 0), in (1998). Forinstance, &00 rpm, the Reynolds number
theR x a (a), R x 3 (b) anda x 3 (c) Dased on the external radius of the electrode insulation
planes. (7‘ =5x10"3m anduoo =1x 10_6m25_1) is 48.54.

4.3 Growth Rate of Unstable Perturbations and Marginally Seble Eigenmodes

The enlarged unstable hydrodynamic region suggests thaesnaside this region might
possibly have larger growth ratés;) than unstable modes of constant viscosity fluids. Simi-
larly, we could expect that the narrow region of unstablentlbal modes could not allow for the
existence of modes with large growth rates. This is the dadegd. Figure (2) shows neutral



and level curves evaluated for positive rates of growth fad#l with constant viscosity:) and
for the unstable region of hydrodynamic and chemical m@dlesndc, respectively).
An analysis of Fig. (2) shows that growth

rates of chemical modes are more than one or- 0.8————— T —
der of magnitude smaller than those of hydro-  neutral curve
dynamic modes. Growth rates are particularly 0.6

small close to the electrode axis. As the point
of analysis moves to larger distances from {fHé @ 0.4
electrode axis, the unstable region of chem- I

ical modes becomes narrower and limited to 0.2-

small wave-numbers, but higher growth rate are o~
found. Nevertheless, the growth rates of chem- 0-00 200 400 600 800 1000
ical modes stay always one order of magnitude R

smaller than the one of hydrodynamic modes. 1.0 ‘ ‘

Finally, a comparison between growth rates of neutral curve
hydrodynamic and constant viscosity unstable 0.8 w, fg-gg(‘)’; ]
modes (Fig. 2 andb) shows an increase of or- 0.6 oo i
der of 30% in the former. We address now ttfe a

question of whether unstable chemical modes 0.4 1
with critical Reynolds numbers on the order of 0_2’ |
60 and growth rates 20 times smaller than typ- : R
|c§1l unstable hydrodynamic mpdgs could give 0-%0 100 150 200 250
raise to detectable current oscillations. R

In order to answer the question we mention
that the amplitude of instabilities emerging fromigure 2: Neutral and level curves with positive
a Hopf bifurcation increase with the the instabirowth rategw;) of hydrodynamic(b) and chem-
ity growth rate. Weakly nonlinear theory showisal modes(c) of the coupled case, in the x «
that the amplitude of unstable modes associatganes.
to complex eigenvalues saturates at levels pro-
portional to the square root of the growth rate. A secondfaatfecting the amplitude of the
current instability is the relative amplitude of the contcaion component of the eigenmodes,
with respect to the amplitude of the hydrodynamic compasiénandr. A third factor is the
value ofdc/dz|,—.

Fig. (3) shows marginally stable modes on two points at theraecurve of the chemical
region. An analysis Fig. (3) shows that the amplitude ofdltemponent of the modes in the
chemical region is always 10 to 20 times larger than the dog#iof. andr. The eigenfunction
is dominated by the chemical componenthe chemical componentstays confined to a thin
layer with thickness. ~ 0.3, a characteristic length 20 times smaller than the lengilesuf
the hydrodynamic variablésandy. Sincedc/dz|.—, is of order ofs_ !, very high values of this
derivative are expected;

Summing up, the low growth rate of the perturbation is batalizy the high value taken by
the chemical componentand by its normal derivative at the electrode surface. Thdaadn
the new region are dominated by the concentration comparfghe eigenfunction, justifying
thus the name ofhemical modesThese facts indicate that the concentration fluctuations i
the chemical region are sufficiently large to drive the aotriastability found in experimental
conditions.

Numerical experiments conducted with different viscopityfiles show that the minimum
value of the critical Reynolds number is not attainedifpiv,, = 2.255, nor is the new unstable



region, associated to this case, the largest one. Casesyith = 1.8 and 1.5 show a larger
new region of chemical modes, with a critical Reynolds vdoge to the one associated o the
case withvy /v, = 2.255. By further reducing the, /v, the new unstable region of chemical
modes moves to higher Reynolds numbers@s,., — 1 and eventually disappears, as the
condition of constant viscosity fluid is reached. The ndwtiability curve for constant viscosity
fluids is recovered.

(1)-0{\ Re) 20r ] Upon increasing the value of /v,

o] 'R";((’:])) 10} ‘re | beyond the value 2.255 the new unsta-
8-‘2‘*{,4“/ Op ol ble region also collapses and the neutral
0. -10p 1 curve of hydrodynamic modes moves
02 Cim(n) -20 towards the neutral curve of constant

-0.4! . . . .
0 5 10 15 20 00 01 02 03 0405 vyiscosityfluids. Thisresult suggests that

4 Z . . . .
a progressive increase of the interfacial

1. 20,

o.o{\\ ) ol viscosity and the high Schmidt number
oAl B rrety o Re©) | leads to arin factodiscontinuity of the
02 1”& 4o N ime| | hydrodynamic field, with a thin viscous

_8‘2 < o0 ] and stable region at the interface and
' Im(h) - . .

04 =0 15t 20 00 01 02z 03 o405 & re§tored constant viscosity hydrody-

z z namic boundary layer.

Figure 3: Real and imaginary parts of three modes ontee THE FEM-DNS APPROACH
neutral curve of the chemical region, at the poihts=

64.369, a = 0.81250, 3 = 0.56278 (first row) andR = Finite Element Methods became a
156.99, a = 0.20124, 8 = 0.13767 (second row). The Powerfull tool for the analysis of fluid
eigenfunction is dominated by the chemical comporent?roblems during the eighties, thanks to
which attains values more than 20 times larger than thébe works of T. J. R. Hughes, O. Piron-
associated to the hydrodynamic variablesndn. The neau and J. Donea, among others. The
chemical component is confined to a thin layer close tqpossibility of reusing written parts of
the interface, leading to short range variations and to highdes and the adaptability to complex
values ofdc/dz|.~o. geometry problems contributed to the
diffusion of the method in the commu-

nity involved with fluid flow problems. When dealing with suploblems we face two major
issues related to the pressure-velocity coupling and teohgions adopted for the convective
term. Galerkin methods are currently used but stabilityofgms limit the use of the method
when large time intervals and/or large Reynolds numberswaodved. A Semi-Lagrangean ap-
proach was addopted in the code presently under devliopmeuat group, solving the two prob-
lems pointed above. Semi-Lagrangean methods have beesssetudlly employed in climatic
numerical simulations Durran (1998), where large tim@s#gre crucial for efficient numerical
simulations. Though being less used in other fluid flow protslerecent works demonstrate the
effectiveness of the method dos Anjos et al. (2006a) and dhpssfet al. (2006b), particularly
when large Reynolds numbers are involved. The strict useagfdngean coordinates leads
to unstable numerical schemes, since the trajectoriedlyapecome chaotic even for laminar
flows. A Semi-Lagrangean approach avoids the problem, bytiadizing the Lagrangean coor-
dinate system after each time step. The method is expli@esnformation from the preceding
time step is required. However the information from the pes time step does not come
necessarily form a grid point and an interpolation betweeightbour nodes is required . The
precision of the method depends on the degree of the intipglpolynomial.

A large choice of elements is available for the FEM methodentgnts are classified by
the geometry (tetrahedral, hexahedrals or prismatic)hbyiriterpolation scheme, which may



use linear, quadratic, bilinear, cubic, etc., polynomitdsparametric elements are particularly
suitable for use in problems with curved boundaries.

Restrictions on the choice of the element type appear in flowd problems, where vari-
ables are coupled. This restriction is usually known as takuBka-Brezzi condition and re-
stricts the elements choice to those satisfying this condéind, consequently, the required
stability properties. The Babuska-Brezi condition wasradsed by several authors Cuvelier
et al. (1986), Zienkiewicz & Taylor (2000) and Oden & Care@§4). Elements not satisfy-
ing the Babuska-Brezzi may be used in some cases, providéthi Galerkin method is not
adopted simultaneously. Two types of elements were emgloy¢he present work, namely
linear tetrahedrons and tmini tetrahedron. Simpler implementations are achieved wigh th
former for three-dimensional problems and were adoptethidiscretization of the transport
equation of the representative chemical species. niimetetrahedron belongs to thiaylor-
Hood family of elements and combines the linear element with afdit@nal internal node at
the element centroid and leading to five nodes per elemeid.elément satisfies the Babuska-
Brezzi condition.

Following the spatial discretizations a linear system géakaic equations is obtained. Sev-
eral methods can be used for solving the system and attastijren to limit the computational
component cost CPU time and memory storage requirementgpl€bmethods look for solv-
ing the complete linear system at each time step. The stnasgpre-velocity coupling and the
non-linearities of the convective term result in computadil inefficiencies if one tries a direct
solution of the complete linear system, including the tpamsequation of the representative
chemical species. Uncoupled solutions have thus, beesaged to overcome the problem. A
short description is given below, of a method based on thekidlt) factorization method, used
in this work:

B A ] = [+ e

The above linear system, whebe= 1/At M + 1/ARe K shows the typical structure re-
sulting from the spatial discretization of the Navier-Sislequations. Pressure is subsequently
decoupled from the velocity trough the use of the project@thod, leading to:

B 0 I —ABG] [ _ [ [ba
D AtDB'G| |0 I prtt T o] T | bey

Solving the above equation in blocks leads to a highly efficraethod, with acceptable
computational costs and lower memory requirements, wherpaced to coupled methods.

Fig. 4 shows results of the FEM simulations: the velocityfiee for constant viscosity,
on the left, and for variable viscosity, on the right. Theutesagree with the analytical von
Karman solution. The boundary layer for the variable viggas thicker than the constant
viscosity case, and presents an additional inflection pwioteasing thus the unstability of the
profile.

The FEM code is now validated and will be employed for the $ation of the nonlinear
evolution of the most unstable modes found in the lineanyaisl
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Figure 4. Velocity profiles obtained from the FEM simulation of the ldifow for constant viscosity
fluids (left) and stratified viscosity (right).
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