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Abstract. We review the key points concerning the linear stabilitheftlassical von Karman’s
solution of rotating disk flow, modified by the coupling, tigh the fluid viscosity, with con-
centration field of a chemical species. The results werentbceublished by Mangiavacclet
al. (Phys. Fluids19: 114109, 2007) and refer to electrochemical cells emplgyran rotat-
ing disk electrodes, which dissolve in th&¥LH,SO, solution of the electrolyte. Polarization
curves obtained in such cells present a current instabditthe beginning of the region where
the current is controlled by the the hydrodynamics. The tofdhe instability occurs in a range
of potentials applied to the cell and disappear above andwehis range. Dissolution of the
iron electrode gives rise to a thin concentration boundayer, with thickness of about 4% of
the thickness of the hydrodynamic boundary layer. The cdratgon boundary layer increases
the interfacial fluid viscoity, diminishes the diffusioretficient and couples both fields, with a
net result of affecting the hydrodynamic of the problemc&the current is proportional to the
interfacial concentration gradient of the chemical speaiesponsible by the ions transport, the
instability of the coupled fields can lead to the current aslity observed in the experimen-
tal setups. This work presents the results of the lineariktiay analysis of the coupled fields
and the first results concerning the Direct Numerical Sirtialg currently undertaken in our
group. The results show that small increases of the intrafagscosity result in a significant
reduction of the stability of modes existing in similar cgafations, but with constant viscosity
fluids. Upon increasing the interfacial viscosity, a newtabte region emerges, in a range of
Reynolds numbers much smaller than the lower limit of theéalohes region previously known.
Though the growth rate of modes in the previously known regitarger than the one of modes
in the new region, the amplitude of the concentration urlstatodes in this one is very large
when compared to the amplitude of the associated hydrodgnanstable modes. In addi-
tion concentration modes are always confined in a rather tegion, leading to the existence
of large intrerfacial concentration gradient. Concentiat modes in the new unstable region
seem thus, to have a combination of properties sufficierrive detectable current oscillations.
The numerical experiments show that a progressive incregibe interfacial viscosity initially
reduces the stability of the flow, but an increase beyond tairetimit restores the stability
properties of constant viscosity flows.



1. Posing the Problem

The hydrodynamic field developed close to the axis

Iz of a large rotating disk belongs to the restricted class of
@ problems admitting a analytical or semi-analytical simi-

: larity solution of the hydrodynamic equations. The angu-
lar velocity imposed to the fluid at the surface gives rise
to a centrifugal effect and to a radial flow outwards. Con-
tinuity requires that the flow be replaced by an incoming
one that approaches the disk. Close to the surface, the
axial velocity of the incoming flow is reduced and the
centrifugal effect appears. This is the region of the hy-
drodynamic boundary layer. The steady tri-dimensional
solution of this flow was found by Von Karman (1932)
and is schematically shown in Fig. 1.

The boundary layer becomes unstable beyond a crit-
Figure 1: Von Karman's flow close 10 jca| Reynolds number. The first stabilitiy studies of Von
the axis of a rotating disk. Karman’s solution are due to Smith (1946) ) [14], who

found the emergence of spirals as shown in Fig. 2. The
pattern may turn with the disk angular velocity or other. \Whearnning slower than the disk,
the spirals arms tend to bend in the upstream direction. &ltten is “pushed” by the mean
flow. Patterns bending downstream, or consisting of radraight lines or either of circum-
ferences are also possible. The coexistence of spiralsrigeidthe up and the downstream
directions was observed by Moisy (2004) [11], in a setup @f twunter rotating disks.

Gregory et al. (1955) [4] measured the %
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fects. Stability studies conducted after the eight-_
ies were mainly made in groups interested in the/ %

critical Reynolds number beyond which Von% f
Karman's solution becomes unstable and pro
posed the first theoretical approach to the stabil
ity problem, not taking into account viscosity ef-

Q
effect of a secondary cross flow, on the stability
of a main one, as those found in swept wings.
Rotating disk flow presents certain characteris-
tics also found in swept wings. In swept wings
the upstream flow is decomposed in a componéigure 2: Possible perturbation patterns emerg-
perpendicular to the wing, responsible by the iftg after the first instability of von Karman’s so-
and a cross component that antecipates the tr&fon-
sition to turbulence. In rotating disk flow, a secondary ahflow appears in consequence of
the imposed azimuthal velocity at the interfce. Thanks to K&rman'’s exact solution and to
the more controlled conditions found in rotating disks tivamwings, rotating disks became a
prototype to infer on the instabilization mechanisms o swept wings. Malik (1986)
[8] evaluated the first neutral curve of perturbations turgrwith the angular velocity of the
disk (stationary perturbations). The critical Reynoldsnier was found sa 285.36. Ling-
woood (1995) [7] extended Malik’s results by considering+stationary perturbations, turning
with angular velocity different of the disk velocity and fodicritical Reynolds numbers on the
order of 80. In addition, Lingwood addressed the absolaieildly problem. The flow becomes
absolutely unstable when the a perturbation originatedpoiat is carried by the angular ve-




locity of the flow and returns to the origin point before betwnpletely damped and excites
again the remaining pertubation at that point.

Stability studies conducted after 1990 focused on comjirestuid configurations, having
in mind the fact that swept wings operate in the high subs@gone.

The question of rotat-
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ing disk flow stabilility ap- Potentiostat

pears also in electrochem- L[ =} _

ical problems. Electro- Ql [ resin I

chemical cells employing a Qrﬁ iron

rotating disk electrode are H

widely used due to the rel- } B | Third region
atively simple setup and to | - Reterence Eleciiode L/ Firstregion
the fact that the mass flow i (Hg/H SP /KCl) ®) v
at the electrode/electrolyte ‘%;\\ Working electrode (Fe)

interface is independent of o Counterelectrode

the radial position. The rate \ ™ 90 soluton)

of transfer of ions is conve- (@)

niently controled by the the
angular velocity imposedFigure 3: An elecrtochemical cell with a rotating disk electrode and

to the electrode. Fig. 3the polarization curve showing the three regi¢hs

schematically shows a typical arrangement of these celth, tiwee electrodes. The counter
electrode consists of a platinum screen placed along theva#lto assure an uniform distri-
bution of the electric potential. Potentials are measugairest the reference electrode. The
working electrode consists ofsanm diameter iron rod covered withid® mm diamenter resin
cast, except in the base, through which the current flows.eléwtrode is coupled to a variable
velocity electric motor. Typical electrode velocites rarfgpom 100 ta900 rpm.

Polarization curves experimentally obtained in the dissoh of iron electrodes iSO 4
electrolytes present three regions (Bastial., 1992 [1]). The first one occurs at reletively low
overvoltages applied to the working electrode. The curigm@tpproximately proportional to
the overvoltage and depends on the dissolution processcurnent is not affected by trans-
port phenomena occuring in the electrolyte, like the anguéocity imposed to the working
electrode. Polarization curves show a second region, whereurrent depends on the applied
overvoltage and also on the hydrodynamics, which is definethé electrode angular veloc-
ity. By further increasing the overvoltage, a currpldteauappears in the polariaztion curves,
where the current depends only on the angular velocity oéteetrode, and no longer, on the
overvoltage. The overvoltage level of thiateauis proportional ta2'/2,

The hydrodynamic field at the base of the working electrodgoximated by Von Kar-
man’s similarity solution. This hypothesis is justified thetthickness of the hydrodynamic
boundary layer, which is proportional {0/, ranging from 0.5 td..3 mm, being thus one or-
der of magnitude smaller than the mm electrode diameter. Dissolution of the iron electrode
gives raise to &e*? ions concentration boundary layer. The ratio between thieddynamic
and the concentration boundary layers is givepis, ~ 2 Sc'/3 (Levich. 1962 [6]), where
Sc is the Schmidt number. Typical Schmidt numbers in elecieadbal cells is 2000, result-
ing in concentration boundary layers with thicknesses depwof 4% of the thickness of the
hydrodynamic one.

The concentration boundary layer leads to a reduction ofrtmediffusion coefficient in
the electrolyte. The Stokes-Einstein law postulates theptoduct of the diffusion coefficient
by the electrolyte viscosity is constant, implying in a \@gp increase at the interface. The



effect couples both fields.

The cell current may be evaluated through the ions trandféneaelectrode/electrolyte
interface, which is due to two effects: ions concentraticedgent(i o< dC'/dz|.—y) and ions
migration due to the electric field. Baraaal. (1992) [1] showed that the concentraion gradient
is the dominant effect, what leads to the concluison thatctiveent depends on the spatial
distribution of a relevant chemical species, that in turepehds on the hydrodynamic field.
Instabilities of the hydrodynamic field and of the interf@ancentration gradient may thus be
responsible for the current oscillations observed in theecu plateau However, Reynolds
numbers attained in elctrochemical cells are of order of 20,-being thus clearly smaller than
critical experimental values found in the literature and theoretical values found by Malik
and by Lingwood.

This work deals with the coupling of the hydrodynamcic figtdthe concentration one of
a chemical species responsible by the current. Three quessire posed: (a) if the the coupling
changes the stability properties of the purely hydrodymdieid, reducing the critical Reynolds
numbewr to the range of values attained in electrochemataps, (b) if possible oscillations of
the interfacial concentration gradient are strong enooglrivve the current oscillations exper-
imentaly observed and (c) what mechanisms lead to the ssgipreof the cuurent instability
beyond a certain overvoltage level. The results hereiregptesl support a positive answer to the
first question, suggest that the hydrodynamic instabilitthe coupled fields is strong enough
to drive the current oscillation, but still do not explairetimstability suppresion.

2. Governing Equations

The problemis governed by the continuity and the Naviek&te@quations, coupled through
the viscosity, to the transport equation of the relevantibal species. These equations, written
in the frame attached to the surface of the rotating disk:read

divv =0 (1)
D 1 1
—V:—ZQXV—QX(er)——gradp+—div7 (2)
Dt P p

D

Ff — div(D grad C) 3)

where(2 is the angular velocity of the rotating disk electrodeand D are, respectively, the
concentration and the diffusion coefficient of the représtare chemical species andis the
viscous stress tensor for a newtonian fluid with the visgafgipending on the concentration of
the chemical species.

The evolution equations are rewritten in non-dimensiooainf Variables having units
of length or its reciprocal (radial and axial coordinatesitprbation wavenumber along the
radial direction) are made non-dimensional with the lengthd to measure the thickness of the
boundary layer(v../Q)'/?, wherev,, is the bulk viscosity of the fluid. Velocity components are
divided by the local imposed azimuthal velocity?, pressure is divided by(r.©)?, viscosity
is divided by the bulk viscosityy,., time and the eigenvalue of the linearized problem are
made non-dimensional with the time required by a particiinhg with the azimuthal velocity
7.2, to move a distance equal to the reference length,/Q)'/2. Here,r, is the dimensional
coordinate along the radial direction at which the stap#ibalysis will be carried out. The
non-dimensional concentration of the chemical speciesfiaed by:

C-Cy

C_CS—COO

(4)



whereCs andC,, are, respectively, the concentration of the chemical gseai the electrode
surface and in the bulk. We define also the Reynolds and theifithumbers by the relations:

1/2
R=r, (ﬂ) and  Sc— 2= (5)

Voo Voo

The Reynolds number may be seen as a nondimensional distetieedisk axis. At this point,
we assume that the viscosity depends on the non-dimensionakntration of the chemical
species according to:

V = Uy exp(mC') (6)

wherem is a non-dimensional parameter depending on the electmuichécharacteristics of the
system (electrode material, type of electrolyte, applietéptial), but not on the concentration
of the chemical species. In particular, this parameter dgfthe interface viscosity, given by
v = Vs exp(m). This equation is based on a thermodynamic model proposésteyest al.
(2001) [2]. We also assume the Stokes-Einstein law:

Dv =D, vy (7)

whereD,, is the bulk diffusion coefficient. Using the bulk coefficierio rewrite Eqs. 7 and 6
in non-dimensional form, we obtain:

Dv =1 and v = exp(mC) (8)

Equations 1 — 3 are rewritten as follows, in non-dimensidosah:

divv =20 (©)
ﬂ——2e xv—e, X (e, xre,) —grad +idi7 (10)
Dr 2 2 z T g P R v

DC 1.

D = Rio div(D grad C) (11)

A destabilizing potential of the coupling between the hytjramic and the chemical species
fields can be seenin Eq. (11): the Reynolds number is amphbfigde Schmidt number, which
takes here the valugc = 2000, typical for electrochemical cells.

3. The Base State

3.1 Base State Equations

The base state is the von Karmén similarity solution for alfith the viscosity depending
on the concentration field, which is assumed to vary alongxied coordinate only.

O rQF(z)

Vg rQG(z)

U, | =] (v Q)? H(2) (12)
P PVooS) P(2)

C Coo + (Cs — Co) C(2)

All variables in Eqg. 12 are dimensional, except the axialetelent profiles}f’, G, H, C' and
the axial coordinate. Boundary conditions fof', G, H andP are F = G = H = P =0



at the disk surfacéz = 0), ' = H' = 0 andG’ = —1 asz — oo. The non-dimensional
concentration profile;, varies from 1, at = 0, to 0, asz — cc.

Introducing Eq. 12 and the constitutive equations of thessttensor Eq8?—??in Eqgs. 1
— 3, together with Egs. (6) and 7, we obtain the ordinary maar system for the axial profiles
F,G, H, PandC:

2F+H = 0 (13)
F?— (G+1)*+HF —vF"—VF = 0 (14)
2F(G+1)+ HG' —vG" — VG = 0 (15)
P +HH —vH" - 2V/H = 0 (16)
C// I//
ScHC'— —+ —=C" = 0 (17)
1% 1%

where prime denotes derivatives with respect to the noredsional axial coordinate. The
viscosityr and its derivatives are written in non-dimensional form.

3.2 Evaluation of the Viscosity at the Electrode/Electrolye Interface

Solving Egs. 13 — 17 requires specification of two parametibies bulk Schmidt number
and the parameter. appearing in Eq. 6, which ultimately defines the electrolyseosity at
the interface with the electrode. At this point, we assunat the limit current density at the
interface is proportional to the concentration gradierihefrelevant chemical species generated
by the dissolution of the electrode. lons migration due égtbtential gradient is neglected. The
current density is given by the relation (Barcia, 1992 [1]):

z‘ _ o
(Coo =€) Vrll P 1m0

(18)

1 1
n]—"§ Y0/ Voo

where: is expressed iM/cm?, n is the valence number of the chemical species= 2),
F = 96500 C'/mol, is the Faraday constard, = 2.0 x 10~*mol/cm? is the dimensional
concentration of the species at the electrode interfadarétad condition)C., = 0mol /cm?
andy, is the fluid viscosity at the interface. The limit current digy obtained experimentally
isi = 0.8810 A/em? at900 rpm (Geraldo, 1998 [3]).

An initial value is specified form,

Lo—s L. Egs. 13 — 17 are solved. The ratig/v.,
| " Q) . . .
Lo \[ 0. is evaluated and the non-dimensional nor-
' 0. 0. . . .
S F\L © 4 mal derivative of the concentration at the
Yoo o2 interface,dC'/dz|,_,, is obtained from the
0.04 : 0.0 ‘ profiles. These figures are introduced in
0.0 2.0 4.0 6.0 0.0 0.1 0.2 0.3 .
. z . z Eq. 18, leading to a value for the current
' ‘ ‘ 1 / density. The value initially specified for
2 808 m is corrected and the procedure is re-
- e 50 peated until convergence to the experimen-
' tal value ofi is reached. At convergence

Yo o1 o0z 03 %0 o1 o0z o3 Weobtaing/v, = 2.255.
z z

Figure 4: Stationary dimensionless velocity, concers-3 Base State Profiles

tration, viscosity and diffusion, profilesy, G, H and

The non-dimensional velocity, con-
C for vy /vee = 2.255 andSc = 2000.

centration, viscosity and diffusion coeffi-



cient profiles,F', G, H, C, v andD, obtained for, /v, = 2.255 andSc = 2000 are shown in

Fig. 4.
The thin concentration boundary layer, results in velopityfiles very close to the ones
obtained for the constant viscosity case. In particularob@in H = —0.88559 far from the

disk for the variable viscosity flow considered, a figure Isllig different from the asymptotic
value for the constant viscosity cagé,= —0.88447. However, the derivatives of the velocity
profiles are strongly affected inside the concentratiomidany layer, as shown in Fig. 5.

4. Stability of the Base State

4.1 Stability Equations

We turn now to the question of the

- . 0.5 ; ; — T .2
stability of the base state with respect to — Congtantviscosity " |
small disturbances. The hydrodynamico'4 —~ I o4 1
. . . | ) L Constant viscosity
and chemical fields are written as a sum® 1 o Variable vistosity |
: I -
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exp [ilar + BRO — wt)] + cc. (20) F_igure _5: The first thr_ee derivatives of the non-
dimensional velocity profiles;’ andG, for the constant

Herew is a Comp|ex number, Wltm(w) and variable viscosity cases, with/v., = 2.255 and
and S(w) being, respectively, the fre-Sc= 2000.
quency and the rate of growth of the per-
turbation. The functiong, g, h, m andc depend on the axial coordinateand the parameters
« and § are the components of the perturbation wave-vector aloagatial and azimuthal
directions. For a given time, the phase of the perturbatsooonstant along branches of a
logarithmic spiral, with the branches curved in the clodevdirection if3/« is positive and
counter-clockwise, if negative. The structure turns cerxotockwise ifR(w) /3 is positive and
clockwise, if negative.

The base state and the perturbation variables are rewnittea-dimensional form, intro-
duced in Egs. 9 — 11 and nonlinear terms are dropped. Petittmbeariables are not, strictly
speaking, separable since the resulting equations forrtifégs f, g, h, 7 andc still contain
the radial coordinate. In order to overcome the problem it is necessary to makeanallel
flow assumption, where it is assumed that variations of the apodes are small as far as
Ar/r < 1. This approximation holds whenever the stability analisisarried sufficiently far
from r = 0. If variations of the profiles withr are small, this coordinate can be assumed as



constant. The non-dimensional constarg the Reynolds number at which the stability analy-
sis is carried. This is the parallel flow hypothesis. Adoptid this hypothesis in rotating disk
flow[9, 15, 7], is made by replacingby R.

To conclude, terms of ordeR—2 are dropped, leading to a generalized complex non-
symmetric eigenvalue-eigenfunction problem in the form:

Ay Ay Agg h By h
Ay Ay Ay n = wR By n (2 1)
Az Ass (& Bss (&

wheren = ag — 8 f, missing elements in the matrices are zero and the operaipesd B;;
are given by:

Ay = ayaD* + ay13D? + ay19D? + a1 D + aqo Ay = a1 D+ ain
Az = a13D? + a1z D + a3

_ _ 2 _

Ay = agnD + agp Ay = ag22D* + ag21 D + asg Agz = a1 D+ asgsp
_ _ 2

As1 = aso Ass = azsaD” + aszs1 D + asso

BH = Dz—;\2 BQQ =1 ng = ZSC

whereD" = d"/dz". By defining\? = o? + 3%, @ = a — i/R and\?> = aa + 3 we obtain
for the coefficientsy;

ajg =iv  apz =120 — H) app =" —iv ()\2 + 5\2) + R(aF + BG) —i(H + F)

a1 = —i/ (N + N°) +iHN?

ag = iX* (V' +vA?) — R(aF + BG) N — R(aF" + BG") + iH'\?

ajo =2 (G +1) a0 = 2G"

a132 = R (aF" + 5G") a131 = [23 (aF" + pG") + 62’5\2F} v+ 2R (aF" + G+

azo = [RN* (aF' + BG') + R (aF" + BG") + 4iN*F'] v

+ [2R (aF" + BG") + 6iN*F] &' + R (aF' + BG')y"

a9211 — 2 (G + 1) a210 = —iR (OéG/ — /GF,)
Qgoo =iV Qg =i (V' — H)  ago = —iv\’ + R(aF + BG) —iF
as31 = iR (oG — BF")y agso = iR [(aG" — BF") v + (aG" — BF") 4]
asip = RSCC,
=/
agzy = —% a3z = % (% + %C'W + SCVH)

o043 ()]

wherey = dv/dC'. Boundary conditions of the problem require non-slip floanishing axial
component of the velocity and saturation concentratiomefthemical species at the electrode
surface. These conditions are already fulfilled by the &gt and cannot be modified by the
perturbation. In consequence we require= 7 = ¢ = 0in z = 0. Moreover, continuity
requires thatt’ = 0 at the interface. I — oo we require that the perturbation vanishes
(h=h=n=c=0).

4.2 Stationary Neutral and Unstable Level Curves

The neutral stability curves for stationary disturban@¥s ) = 0], obtained by solving the
eigenvalue-eigenfunction problem f8r = 2000 andvy /v, = 2.255, are presented in Fig. 6.



This figure shows that the coupling enlarges the unstablemed constant viscosity fluids to a
wider range of wave-numbers and to a critical Reynolds nuroberder of 50% of the critical
wavenumber of constant viscosity fluids. Fig. 6 shows algoetkistence of a new family of
much more unstable modes. Critical Reynolds numbers ofrédgi®n are in the range of the
ones attained in experimental setups. We refer to these reesrashemicaland to modes
belonging to the former family asydrodynamic

1.0 T T ;
3 ‘ Cor]s‘tant viscosity
0.8 Hydrodynamic mode N 0.6~
0.6~ -
o | I 0.4
0.4+ r
I 0.2
0.2 |
0.0 : : — 0.0
0 200 400 600 0

R
Figure 6: Neutral stability curves of stationary perturbations,hied x R, 6 x R anda x ( planes.

The enlarged unstable hydrodynamic region suggests thaesnaside this region might
possibly have larger growth ratés;) than unstable modes of constant viscosity fluids. Simi-
larly, we could expect that the narrow region of unstablemlal modes could not allow for
the existence of modes with large growth rates. This is tlse,cendeed. Figure (7) shows
neutral and level curves evaluated for positive rates ofvrdor fluids with constant viscosity
on left, for the unstable region of hydrodynamic and cheimiwades at the center and right,
respectively.

0.8 0.8————— 1 T
| neutral curve 08 neutral curve
. w; = 0.0001 b
0.6l 0.61- w; =0.0002 1
| L 0.6 w;j = 0.0003 R
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Figure 7: Neutral and level curves with positive growth rates) of fluids with constant viscosity (on

left) and in the unstable region of hydrodynamic (at the @erand chemical modes (on right) of the
variable viscosity case.

An analysis of Fig. 7 shows that growth rates of hydrodynamicles of variable viscosity
fluids attaint values up to 30% larger than in the case of emmstiscosity case. However,
growth rates of chemical modes are more than one order of itn@gnsmaller than those of
hydrodynamic modes.

4.3 Marginally Stable Eigenmodes — Hydrodynamic and Chemial Unstable Regions

Despite of the low growth rate, unstable modes in the chdmeggon show a combiation
of properties that seem capable to drive the current osoilia observed in experiemtal setups.
Fig. 8 shows the hydrodynamic and chemical concentratiompoments of a mode on the neu-
tral curve of the chemical region (first row) and on the ndutuave of hydordynamic region
(second row). The amplitude of the chmical component is pfesarder of the hydrodynamic
components in the second case but significantly larger ircése of modes in the chemical
region. In addition, the chemical component is always cewfito a narrow region close to the



interface, leading to high values of the interfacial conaion gradient. This gradient seems
sufficiently strong to drive detectable current oscillato

4.4 Effects of Decoupling the Transport of the Chemical Spees and of Variation of the
Interfcial Viscosity

Numerical experiments cnducted by , 20
the authors Mangiavacct al., 2007 [10] ~ 04 i) 0
show that the coupling, and not the vis- ojﬁllp% Re(h) 0 [ReC
cosity stratification is responsible for the 52 g0 =" M
existence of the new chemical region of02 e 20
unstable modes, for the enlargement and®© 5 10 15 20 00 01 02 03 0405
reduction of the critical Reynolds number ; i 02 ’

. . . dh Ref] Re(c)

of the hydrodynamic region. The experi- 09/ 0.0
ment was done by setting operatotg = 04 /I\f>\ WO DTN/ Tme
Ags = 0in Eq. 21. o2 o. \\ /

The authors also showed that a pro<02"=r<umg 08

gressive increase of the interfacial viscos- "0 5 10 15 20 25 30 80 01 02 03 0405

ity results firstly, in a decrease of the over-

all satbility, but, as the viscosity increasdsigure 8: Real and imaginary parts of one modes on the
the destabilizing effect is inversed and theeutral curve of the chemical region, at the pafht=
stability properties of constant viscosity56.99, a = 0.20124, 8 = 0.13767, in the first row and
fields are restored. They /v, = 2.255 of a mode on the neutral curve of the hydrodynamic
is not the most unstable one. An increaggdion. at the poinf? = 135.48, a = 0.18726, § =

by 5% of the interfacial viscosity enlarge&-007182 (second row).

the area of the unstable hydrodynamic region to practidalipaximum. A narrow new unstble
region already exists with a 2% increase in the interfadsdasity, but with a critical Reynolds
number of order of 1100. As the interfacial viscosity in@esthe area of the unstable chemical
region increases and moves to inner radius. The area a#tanaimum at, /v, ~ 1.5. Fur-
ther increasing the interfacial viscosity reduces the afghe unstable chemical region. The
region disappears close t9/v,, = 2.8. New increases in the interfacial viscosity reduce the
hydrodynamic unstable region to the one of constant visgisids.

5. Direct Numerical Simulation

The linear stability analysis identifies the distance frdma €lectrode axis, below which
perturbations introduced in Von Karméan'’s solution are dadpPerturbations with geometry
within a range that is enlarged as the distance of the axieases are amplified. The lin-
ear analysis identifies the stability limit but does answezggions on the unstable modes first
selected. Selection is made through the nonlinear couplugn the amplitude of unstable
modes is sufficiently large to trigger interaction mecharss The nonlinear interaction leads
to the selection of one or the few modes of the first emergirgjalohe pattern. The study of
pattern selection is done by following the evolution and ititeraction of a small number of
prescribed modes, close to a bifurcation point. An altéveahethod consists in doing a three-
dimensional direct numerical simulation. This is the metie currently follow. A FEM code
has been developed [5, 12, 16], with the following charasties: pressure and diffusive terms
are treated by a Galerkin method, convective terms areettdata semi-lagrangean form in
order to assure the necessary stability to the code. Timegsatized according to a first order



forward differences scheme, leading to a system in the form:

n+1

n
v, " — v 1

(i) BV -Gt =0 (22)
Dv™ =0 (23)
At en 1
M.(Z d K.l — 24
c( At ) + R SC CC O ( )

whereM and)/. are mass operator&; and K. are the momemtum and concentration diffusion
operators(z and D are the gradient and divergent operators. The hydrodyrsaisgolved first
and the results are used to evaluate the concentration ahtraical species. Upon rewritting
the hydrodynamic equations in matrix form, we obtain:

B —AtG u"t! r” bc;
RN e
whereB = M + (At/R) K. The LHS matrix in Eq. 25 is factorized as follows:
B -AtG| | B 0 I —-AtB7'G
D 0 ~ | D AtDB'G 0 I
_ [ B 0 I —AtB;'G
- [ D AtDB;'G } [ 0 I } (26)

The resulting linear systems are solved by a projection atkthThe application of the
projection method decouples the velocity and pressuresfietsnputations, resulting in two
symmetric and positive definite matrices that are solvedbyptreconditioned conjugate gradi-
ent method. A reverse Cuthill-McKee reordering and an inglete Cholesky preconditioning
scheme are applied to solve the linear systems efficientijpictetrahedral elements are em-
ployed, pressure is evaluated at the vertices and the Wglatithe vertices and the centroid
of the element (mini-element). Variables from the previtoee step are used to evaluate the
chemical species field, decoupling the hydrodynamics ftoerstalar variable transport.

Fig. 9 shows results of the FEM simulations: the velocityfiee for constant viscosity,
first figure, and for variable viscosity, second figure. Thauhs agree with the analytical von
Ké&rman solution [13]. The boundary layer for the variabkcaisity is thicker than the constant
viscosity case, and presents an additional inflection pointeasing thus the instability of the
profile.

The FEM code is now validated and will be employed for the $ation of the nonlinear
evolution of the most unstable modes found in the lineanyaisl
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Figure 9: Steady hydrodynamic profiles for constant viscosity fluiols (eft) and for fluids with the
viscosity depending on the axial coordinat€at the cenetr). Full lines refer to the FEM solution and
dashed lines to the solution of Von Karman's equations. Tgiet pannel shows the steady viscosity
profile used to evaluate the velocity profiles in the centealrnel.
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